LINEAR INDEPENDENCE OF GAMMA VALUES IN 
POSITIVE CHARACTERISTIC 



W. DALE BROWNAWELL AND MATTHEW A. PAPANIKOLAS 



Abstract. We investigate the arithmetic nature of special values of Thakur's func- 
tion field Gamma function at rational points. Our main result is that all linear 
dependence relations over the field of algebraic functions are consequences of the 
Anderson-Deligne-Thakur bracket relations. 
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1. Introduction and Statement of Results 

LL Transcendence of Gamma Values. Let ¥g be the field of q elements, where 
g is a power of a prime p. Let A : = ¥q[0], k := ¥q{6) for a variable 6. Let Coo be the 
completion of the algebraic closure of the completion Wq{{l/6)) with respect to the non- 
archimedean absolute value on k for which \6\ = q. Let := {a E A : a is monic} 
be the "positive integers" of A. 

In this setting, D. Thakur studied a Gamma function 



n 



which is meromorphic on Coo with poles at zero and the "negative" integers —n G 
— y4_|_. One recognizes immediately a strong analogy with the classical Euler Gamma 
function 



-■yz 



n=l 



n 



Thakur's function shares other striking features with the Euler Gamma function, 
such as various natural functional equations, and rational (or infinite) values at the 
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integers. This Gamma function is a one-variable specialization of the two-variable 



Gamma function defined by D. Goss pO[| 



After isolated results by Thakur in [^], S. Sinha established the first transcendence 
results for general classes of values of the Gamma function. 

Theorem 1.1.1 (Sinha |T§; [|171, §6.2). Let a, f E A+, b E A, with {a J) = 1, 
dega < deg/. Then T{j + b) is transcendental over k. 

When q = 2, this result had been observed by Thakur in |^0|- S^^il is to 



extend Sinha's result, treating several values at once and evaluating T at more general 
arguments. There are however some natural dependencies among the values. 

1.2. Dependence of Gamma Values. In [^] Thakur established algebraic rela- 
tions on Gamma values in this setting which are analogues of well-known relations 
of Deligne-Koblitz-Ogus in for the classical Gamma function. These relations 



express certain ratios of Gamma values at rational arguments as algebraic multiples 
of powers of the Carlitz period, 

^ = 9 ^^Yl (i - e^-'^y E Wg(ii/9)) ■ 'V^, 

1=1 

where ''~\/—9 is some fixed (g — l)-st root of —9. The quantity n arises as the 
fundamental period of the Carlitz module (see [|ll|]), whence its name. 



The Anderson-Deligne-Thakur relations on Gamma values (see [|T8| or pO[), derived 
from the formalism of brackets, may be expressed as follows. Fix / E v4+ and define 

Aff := {a E A : a ^ mod /}, Uf := {u E A : {u, f) = 1}, 

Aif := {a E Aff : a = m mod /, m monic, degm < deg /}. 

Then for any u E Uf, multiplication by u gives an injection of the set A// into itself. 
This action of Uf on A// induces an action of on ©tv}^, which we denote {u, m) \—>- 
u * m. 

Our restatement of the bracket relations involves the sum of those coordinates of 
m := {ma)aeMf ^ ©at^^ having monic indices modulo /: 

S+(m) := ^ rua. 

aeMf 

The following theorem gives the known (and, it is believed, all) fc-algebraic relations 
on Gamma values at rational points. 

Definition. For non-zero x, y E Coo, we write x ~ y if x/y E k. 

Theorem 1.2.1 (Thakur [H], §7.8). Let f E A+. Suppose that m = (m^) E ©at^Z 
and that S+(m) = S+('u * m), for any (and thus every) choice of representatives u of 
elements from {A/ f)^ . Then 



a€Aff 



An equivalent version of this theorem was first formulated by G. Anderson pO|, §7 



and then proven by Thakur. Moreover Sinha obtained information on the quotient 



of the two sides in the above theorem in 181, Thm. 2.2.4 and Rmk. 3.3.6. 
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The Gamma function satisfies several functional equations, directly analogous to 
the functional equations of the classical Gamma function, which imply the following 
algebraic relations on special values pO]: For all r ^ k \ A, a & A, g in A^, deg g = d, 



1.1) r(r + a)~r(r) 

1.2) l[rier)^n, 



1.3) n r[^)^n^Tir) 

a&A/{g) 



The polynomial relations (|1.1|) - (|1.3|) are special cases of the bracket relations. See 
the theorem of Thakur in |T^, Thm. VII. 1, or ||18[, Thm 2.1.3, for the extent to which 
the bracket relations are more general than (|1.1|) - (|1.3|) . 

Definition. We adopt the notation r(a//) ^ T{h/ f) to indicate that the relation 



T{a/ f) ~ Vih/ f) follows from the bracket relation of Theorem |1.2.1| with = 
1, mfe = — 1, and nic = for all the other entries in m. 

1.3. Main Theorem. The main result of this paper is that all the /c-linear relations 
on TT and the values r(r), for r E k \ A are consequences of the bracket relations. 

Theorem 1.3.1. Let q > 2, and let ri, . . . ,rn G k \ A. Then the values 1, tt, 
r(ri), . . . ,r(r„) are k-linearly independent unless for some 1 < i < j < n, r(rj) ^ 

r(r,). 

There are a number of noteworthy corollaries. In particular, we extend Sinha's 
result to all possible rational arguments r. 

Corollary 1.3.2. For each r G \ A, r(r) is transcendental. 

Another easily stated consequence is the following: 

Corollary 1.3.3. Let q > 2. Let ri,...,r„ G k be distinct with prime power de- 
nominators and with the numerator of each ri having degree less than that of the 
denominator of ri. Then the values 1, tt, r(ri), . . . , r(r„) are k-linearly independent. 

This corollary can be extended in the following manner: 

Corollary 1.3.4. Let q > 2. Let f = Ylfi' decomposition of f in A in terms 

of distinct irreducible factors fi. If no fi divides any fj — 1, then the numbers 

1, n, r(a//), aeA, < dega < deg/, 

are k-linearly independent. 

Note that we specifically allow (a,/) ^ 1. 

In the case that q = 2, Thakur has observed in 0], §6, that the bracket relations 



impose strong conditions on Gamma values and that in fact r(r) ~ n for all r G k\A. 



The formulation of our main result clearly resembles that of Satz 4 of [Q, where 
the analogous result is proven for values of the classical Beta function at rational 
points. There the analogue of the bracket relations of Anderson-Deligne-Thakur are 
the relations on the Beta values which arise from the Deligne-Koblitz-Ogus relations 
for values of the classical Gamma function. The analogue of our result for values of 
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the classical Gamma function itself is still unknown except for very special cases due 
to Th. Schneider and G.V. Chudnovsky. 

Seen on a large enough scale, the proofs here and in p3 also run somewhat parallel, 



based as they are on J. Yu's Theorem of the Sub-t-module reproduced below 
as Theorem |5.1.1| , and G. Wiistholz's Theorem of the Subgroup I^S], respectively. 



Luckily, as stated above, the theory of bracket relations even provides the analogue 
of the Deligne-Koblitz-Ogus characterization for the algebraicity of the product of 
values of the (normalized) classical Gamma function at rational points predicted by 
the classical relations. 



However some of the crucial tools of |2J] were not available for application to t 



modules. In particular, we lacked analogues of the following: 

(a) Poincare's complete decomposability (up to isogeny) of abelian varieties into 
products of simple ones. 

(b) The Shimura-Tanayama criterion for the explicit decomposition of the Jacobian 
of the Fermat curve into simple varieties of CM-type; indeed the very notion of 
a Jacobian is missing from our context. 

(c) An interpretation of all Beta values at rational points as abelian integrals. 
(Thakur and later Sinha provide a full analogue only when q = 2.) 

In the next section, we describe in general terms how we proceed in this paper. 



1.4. Outline of the Paper. In order to apply the transcendence machine embodied 
in the Theorem of the Sub-t-module, we obviously require appropriate t-modules. 

In Section ^ we review some basic definitions. We then introduce t-modules of 
CM-type and show that, up to isogeny, they are always powers of simple t-modules 
of CM-type, thus developing a serviceable version of Poincare's theorem. 

We also give natural criteria, in terms of the underlying CM structure, for determin- 
ing the simplicity of t-modules of CM-type and for determining whether the simple 
t-modules underlying two given t-modules of CM-type are isogenous. These criteria, 
although of a vastly different nature, play a role in our transcendence considerations 
somewhat analogous to the above mentioned Shimura-Taniyama criterion. 

In Section ^ we define biderivations for arbitrary t-modules E and construct their 
associated quasi-periodic extensions Q. We show that, when the biderivations repre- 
sent linearly independent classes modulo the inner biderivations, the resulting quasi- 
periodic extension is minimal in a precise sense. The exponential function of Q 
comprises the components of the exponential function of E as well as the quasi- 
periodic functions associated to the representative biderivations (plus new variables 
corresponding to G{). 

We note that an isogeny T : Ei E2 between t-modules lifts to an isogeny : 
Qi Q2 between the minimal quasi-periodic extensions of maximal dimension. As 
a result, using our special version of Poincare's theorem, we can determine explicitly 
when quasi-periodic extensions of t-modules of CM-type are themselves isogenous. 

Section ^ is the heart of the paper. The main work of |T^, involves the 
construction and investigation of a t-module Ef whose periods have coordinates which 
are algebraic multiples of the quantities 



(1.4) 



r(a//), a e A+, deg(a) < deg(/), (a, /) = 1, 
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where / G is fixed. Sinha does this by generahzing Drinfeld's shtuka version 
of Drinfeld modules to higher dimensional t-modules. Starting with Anderson's two- 
variable "soliton" function, which generahzes some one- variable results of R. Coleman, 
Sinha creates a module Ef which is of CM-type. 



We observe that the bracket relations of Section [1.2| reflect precisely the CM- 
structure of Ef. At this point we could deduce that the set of r(a//), a, f E A^, 
a G Uf, is fc-linearly independent if and only if no pair of these Gamma values is 
fc-linearly dependent. 

To provide a setting in which the remaining Gamma values occur, we consider 
certain quasi-periodic t-module extensions Qf of Ef by G^: 

(1.5) o^Ql^Q^^Ef^ 0. 

We compute the periods of these Qf and see that their components are algebraic 
multiples of all the values 

r(a//), deg(a)<deg(/), (a,/) = l, 

where a, / G A. This removes the restriction that a and / be monic. 

In Section ^ we prove independence results about periods of quasi-periodic exten- 
sions of t-modules of CM-type. Basic properties of minimal extensions enable us to 
apply Yu's theorem to a product Q f-^ x ■■■ x Qf^ of quasi-periodic i-modules Q f. of 
the sort in (|1.5| ) . Each such quasi-periodic extension Qf is minimal and is in fact, up 
to isogeny, the power of a minimal extension of a t-module of CM-type. Therefore, 
the question of linear independence of the coordinates of a period of Q/i x ■ ■ ■ x Qf^ 
is reduced to the question of the corresponding periods of Ef^ x ■ ■ ■ x Ef^. Theorem 



1.3. 1| then follows directly from the isogeny criterion and Yu's theorem. 
In Section ^ we present a few examples. 

Acknowledgements. The authors have greatly benefited from the encouragement 
of various colleagues. In particular, we would hke to thank the referee, as well as Greg 
Anderson, David Goss, Marius van der Put, and Dinesh Thakur, who have provided 
advice and invaluable assistance at various turns. 



2. t-MODULES AND t-MOTIVES OF CM-TYPE 

2.1. General Definitions. We review some basic facts about t-modules and t- 
motives in order to establish notation. Complete accounts of the material sketched 
in this section are contained in the standard references and Chapter 5 of | ]11| |. 
Continuing with the notation of Section |l|, let C L C Coo with L algebraically 
closed. 

Remark. We will also need another copy of the pair A, k which we keep separate, 
as they will be associated with "operators" rather than the scalars of Coo. We denote 
the new variable by t and the polynomial ring and the fields by the Euler fonts: 
A := ¥q[t\, k := Fq(t). We let t : k be the isomorphism fixing ¥q and sending 
t 9, and we fix an extension i: k — > /c. In general, the fonts. A, B, K and so on will 
be reserved for rings of operators corresponding under l to A,B,K and so on. We 
will not maintain this font distinction for elements, and so whether we consider / G A 
or / G A will depend on the context. Nevertheless, we will persist in the distinction 
between 6 E A and t G A. 
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Let r denote the g-th power Frobenius map: x i-^ x'^, q = . 

Let E be an algebraic group defined over L isomorphic to . We take Lie(i?) for its 
tangent space at the origin and note that, after choosing a basis for this isomorphism, 
Lie(i?) ~ L"^. Similarly, if End^(-E') is the ring of F^-linear endomorphisms of E as 
an algebraic group over L, then selecting a basis induces an isomorphism 

Endl(E) ~ Matdxd(^{r}) =: Matdxd(i:){r}, 

where we denote by L{t} the non-commutative ring of twisted polynomials in r, for 
which ar'-pr^ = af5'^W''~^^ when a,l3 e L. 

2.1.1. t-Modules and t-Motives. A t-module over L is an algebraic group E, isomor- 
phic to over L, for which there is an Fg-linear homomorphism 

$ : A ^ End^(E) 

and an £ > such that the endomorphism — 9t^ satisfies 

(^(t) -0r°)^Lie(E) = {0}. 

We refer to d as the dimension of E. A sub-t-module of is a connected sub- 
algebraic group of E which is also invariant under the action of A t-module 
is said to be simple if it does not contain any proper sub-t-modules. A morphism 
Q : El ^ E2 of t-modules over L is a morphism of algebraic groups over L which 
commutes with the actions of t on Ei and E2. We let Hom(ii^i, E2) denote the group 
of t-module morphisms Ei E2 and also take End(£') := }iom{E,E). A morphism 
will be called an isogeny if the dimensions of Ei and E2 are the same and if O has 
a finite kernel as a map of algebraic groups. We will write Ei ~ E2 to denote that 
El is isogenous to E2; isogeny is an equivalence relation (see [|^, Lem. 1.1). 

By choosing an isomorphism ~ Gf , we obtain an F^-linear homomorphism 

$ : A ^ MatdUL){T} 

which provides the action of A on E'. If $ is defined by 

^t) = Mot"" + Mir + ■ ■ ■ + M„r" 

with the Mi G Ma.tdxd{L) , then the induced action on Lie(-E) is given by d^{t) := Mq. 
The definition of a t-module dictates that d^{t) = {Old + N) for the d x d identity 
matrix and a nilpotent matrix A^. To signify that we have chosen a system of 
coordinates for E we will write E = ($, Gf ). Thus if Ei = ($1, Gf^), E2 = ($2, Gf^) 
are two t-modules, a morphism Q : Ei E2 is a. matrix of twisted polynomials, 
e e Matd2xdi{L{T}), satisfying 

0$i(t) = $2(t)0. 

The dual notion of a t-module is that of a t-motive. Set L[t, r] := L{r}[t], the ring 
of commuting polynomials in the variable t over the non-commutative ring L{t}. 
Then a t-motive M is a left L[t, r]-module which is free and finitely generated as an 
L{r}-module and for which 

{t-9Y{M/TM) = {0}, 

for some i > 0. Morphisms of t-motives are morphisms of left L[t, r]-modules. 

To every t-module E = ($, G^) over L, there corresponds a unique t-motive over L: 

M := M{E) := Hom^(E, GJ, 
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where Hom|^(74, 5) denotes the L-module of F^-hnear morphisms of the algebraic 
groups A, B over L. In this setting, the action of ft^, / e L{t} on m G M is 

(/f,m) ^ / omo$(f). 

Projections on the d coordinates of ii^ ~ form an L{r}-basis for M; d = rank/,!,-} M; 
and we can take i < d. 

It is a fundamental theorem of Anderson that the functor E M{E) gives an 
anti-equivalence from the category of t-modules over L to the category of t-motives 
over L. Given a t-motive M together with an L{T}-basis mi, ... , rud for M, we can 
express the i-action with respect to this basis: 

(mi\ /mi\ 
; = m ; , 
rridJ VridJ 

where ^{t) e Ma.idxd{L{T}). 

We verify this equivalence of categories in the following way: Elements m oi M 
correspond uniquely to U" = (C/i, . . . , Ud) G Matixd(-^{T}) via 

(mi 
! 
rud 

According to the commutativity of t with elements of L{t}, 

(mi\ /iTiiX /mi 

: = J7 . t I : = U^t) : 
rrid/ \md) \md 

In other words, we can take the action of t on Matixd(-^{T}) to be 

t-U^U^{t). 

If we now define E := ($, Gf), then the action of t on M with respect to the basis 
mi, . . . , md is that of M{E). In particular, when the t-motive M is defined over L, so 
is its corresponding t-module E. This remark will be essential for our transcendence 
considerations below. 

2.1.2. Exponential Function and Uniformization. Given a t-module E = ($, G^) de- 
fined over L, there is an associated exponential function 

Exp = Expe : Lie(^) ^ E{C^), 

given by the unique power series which satisfies the relations: 

(a) Exp(rf$(t)z) = $(t)Exp(z). 

(b) 9Exp(z)=/,. 

Here 9Exp(z) denotes the matrix of coefficients of linear terms in Exp(z). The 
function Exp is an entire Fg-lincar function Exp : — ^ with coefficients from L. 
(A power series is ¥q-linear if it is a sum of power series in single variables in which 
each exponent is a power of q.) 

Elements of A := KerExp are called periods of E. A major effort of the paper 
is devoted to the definition of certain i-modules whose periods involve the special 
Gamma values. 
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2.1.3. Abelian t-Modules and Uniformization. The t-module E is called uniformizable 
if the image of Exp is all of Gj^(Coo). Conditions for surjectivity of the exponential 
function is a quite fascinating topic; we hope to give new criteria for uniformizability 
in a future note. 

When a t-motive M is finitely generated over L[t\, it and the corresponding t- 
module E are said to be abelian. Anderson's definition of t-motive in §1.1.2, 
includes the abelian condition just given. For the sake of clarity, we point out that 
in this matter we follow the terminology in Goss |TT|, §5.4, to allow consideration of 
the more general situation when appropriate. 

Now M is abelian precisely when it is free of finite rank over L [t] ; we call this rank 
the rank of M and E and denote it by r(M) = r{E). By a theorem of Anderson 



Thm. 4, and [|rT|, Thm. 5.9.14, the uniformizability of an abelian t-module E is 
equivalent to the condition 

(2.2) rankA(KerExp^) = rankc^^t] M{E) =: r{E). 

Furthermore, if E is uniformizable, then a theorem of Anderson Cor. 3.3.6, shows 
that A spans Lie(£') over Coo- 

Remark 2.1.1. It should be noted that if E is abelian and uniformizable, then every 
sub-t-module H is also abelian and uniformizable. Indeed, it is easy to see that if 
H is a, sub-t-module of i?, then E is abelian if and only if both H and the quotient 
t-module E/H are abelian as well. By Yu [^, Prop. 5.3, we know that H must be 
uniformizable if ii^ is. 

Let E = (GJ^, $) be an abelian t-module. If T is a finite subgroup of E{Coo), which 
is invariant under the action of $(t), then the quotient E/T (as algebraic groups) is 



naturally given the structure of a t-module (see |]TT|, §5.6). The map of t-modules 
E ^ E/T is a surjective map of algebraic groups. If E is uniformizable, it then 
follows that E/T is also uniformizable. 

Lemma 2.1.2. Let Ei = ($i,Gf) be a uniformizable abelian t-module with period 
lattice Ai. Let A2 C Lie(-Ei) be an A-lattice in which Ai has finite index. Then A2 
is the period lattice of a uniformizable abelian t-module E2 = ($2) ^a)' '^'^^ there is a 
natural isoQeny Ei — > E2 . 

Proof. Let T C -E'i(Coo) be the image of A2 under Exp^^. Then T is finite and 
invariant under $i(t). Let E2 '■= Ei/T. We can identify the tangent spaces of Ei 
and E2, and by the functoriality of exponential functions, the exponential function of 
E2 is the map 

Exp^^ : Lie(Ei) E,{C^) ^ ^2(^00), 

which is surjective and has kernel A2. □ 

2.2. Hilbert-BIumenthal-Drinfeld Modules. For fields K C L, let Emb(L/K) 
denote the set of embeddings a: L ^ Coo such that cjIk = '-Ik- Let K+/k. be a finite 
separable extension with [K+ : k] = c? such that the place 00 of k is totally split in 
K_|_, and take 3+ for the integral closure of A in K_|_. Let {cti, . . . , cr^^} = Emb(K_|_/k). 
Define the conjugate action cr := cti © ■ ■ ■ © cr^j of K+ on C^ in the following manner: 
For 6 G K+ and z := {zi, . . . ,Zd) G C^, 

(2.3) (T{b) : (zi) ^ (7{b){z) := iai{b)zi). 
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Suppose now that E = ($, Gf) is a uniformizable abehan t-module and that $ 
extends to a map of A-algebras 

$ : B+ ^ End(E) 
in such a way that the action of (i$ on Lie{E) is given by 

= (T{b), V6 G B+. 

Then E is called a Hilbert-Blumenthal-Drinfeld module (H-B-D module) with multi- 
plications by B_|_. By definition, the period lattice A of is invariant under cr(B_|_). 
Working with Hilbert-Blumenthal-Drinfeld modules is greatly facilitated by the fol- 
lowing equivalence. 

Theorem 2.2.1 (Anderson Thm. 7). The following two categories are equiva- 
lent. 

(a) Objects: H-B-D modules with multiplications by B^. 
Morphisms: t-module homomorphisms which are B^-equivariant. 

(b) Objects: Lattices contained in invariant under cr(B4.). 

Morphisms: Coo-linear maps on which carry one lattice into the other and 
commute with cr{B^). 

2.3. t-ModuIes of CM-type. One particular sort of H-B-D module, which we call 
t-modules of CM-type, are of prime importance in this paper. We continue with the 
notation of the previous section. Let K be a finite separable extension of K+ which is 
totally ramified at each infinite place of K+. In this situation, we say that K4. is the 
maximal real subfield of K. 

Choose extensions of ui, . . . , cr^ to embeddings K ^ Coo which we also denote by 
ai,. . . ,ad. Letting 

(2.4) 5:=K,...,a4cEmb(K/k) 

be the set of these extensions, we denote the extension of the conjugate action cr to 
K by 0-5. 

Let A be a discrete A-submodule of C^ of rank [K : k] which is invariant under 
the action, via cr^, of some order of K. We denote by B the maximal such order. 
As a B-module, A is isomorphic to an ideal of B. We think of A as having real 
multiplications by the conjugate action cr(B+ fl B) and complex multiplications by the 
conjugate action ^^(B), CM by B for short. 

By Anderson's Theorem [^.2.1| , A contains a sublattice of finite index which is the 
period lattice of a H-B-D module with multiplications by B_|_. By Lemma p^.l.2| , A 
is then itself the period lattice of a uniformizable abelian t-module E = ($,G|^). 
Because <T5(B)A C A and the action of B via cr^ commutes with the action of B+ fl B 
via cr, Anderson's theorem also gives an extension of $ to all of B such that 

d$(6) = (Ts{b) 

for all 6 G B. In other words, we have an injection of A-algebras 

(2.5) $ : B End(E), 

which extends the t-module homomorphism $ on A. We call K the CM-field of E 
and say that E has CM-type (K,S). 
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Remark 2.3.1. In the case that A is isomorphic to a principal ideal of B, fixing a 
generator A = (Ai, . . . , A^)*'' G allows us to identify B with A C via cr: 

B ^ A C Cl 



(2.6) 



^ai(6)A 



: \=:cTs{h){\). 

\(Jd{h)\d/ 



Yu EH], Lem. 6.2, shows that all the coordinates Aj of A are non-zero. 



Remark 2.3.2. Suppose that the t-module Ei has CM by Bi, with period lattice Ai 
and CM-type (K,5). Let /5 G Bi and A G Ai be non-zero. Then, as cr(Bi)A has finite 
index in Ai, there is a non-zero a G A such that aAi C cr(Bi)A. Thus, if B denotes 
the ring of integers of K, the Bi-lattice indices of the tower 

aAi C o-(Bi)A C cr(B)A 

are finite. As the left- and right-most lattices are isomorphic to Ai and cr(B), respec- 
tively, we see by Anderson's Theorem p.2.1| above and by Lemma p.l.2| , that Ei is 



isogenous to a t-module E with lattice isomorphic to the full ring of integers B of K 
(and thus of CM-type (K,5) and with CM by B). 

Remark 2.3.3. In particular, if two t-modules have the same CM-type (K, iS), then 
they are necessarily isogenous. 

2.4. Endomorphism Rings. Throughout this section we will assume that E = 
($,G^) is an abelian t-module with period lattice A. Let End°(E) := End{E) (g)A 1<- 
Certainly $ extends to a map $ : k — > 'End^{E). Our goal of this section is to 
determine the structures of End(-E) and End^{E). 

Lemma 2.4.1. Let E be simple. Then the ring is a division 

algebra and k lies in its center. 

Proof. End{E) has no non-zero zero divisors because E is assumed to be simple. Now 
if / G End(£'), then the kernel of / is a sub-algebraic group invariant under the action 
of t. Its connected component will be a sub-t-module of E, and so the kernel of / 



must be finite. Thus Lemma LI of [|2^ gives a G A and g G End(E) so that, (as 
elements of End{E)), 

fg = $(«)• 

Therefore End°(E) is a division algebra, and its center clearly contains k. □ 

Proposition 2.4.2. Suppose E is isogenous to a product E^^ x ■ ■ ■ x E^'' of powers 
of pair-wise non-isogenous, simple abelian t-modules. Then 

k 

End°(E) ~ 0Mat„,xn,(End°(E,)). 



Proof. Replace the word "isomorphism" in the statement and proof of Proposition 
XVII.1.2 of [m by "isogeny". □ 



LINEAR INDEPENDENCE OF GAMMA VALUES 



11 



For the rest of this section we assume that E is simple, let s : = rankAA and assume 
s > 0. Unless E is uniformizable, this rank s differs from the rank r of £^ as an abelian 
i-module. 

Because E is simple, the image of each non-zero element / G End{E) is all of E. 
Therefore the kernel of such an / is finite, and / must take A to a sublattice which 
has finite index in A. Hence there is an injection of A-algebras End{E) "—>■ Matsxs(A) 
such that the image of every non-zero endomorphism is invertible in Mat^x This 
map extends uniquely to a map of k-algebras 

(2.7) End°(£;) ^ Mat,xs(T<), 

which is called the rational representation of End''(-E'). We see right away that End(£') 
is a free A-module of rank over A at most and that dimi<End°(£') < s^. 

Proposition 2.4.3. Let E be a simple abelian t-module with period lattice of rank s 
over A. Let Kq be the center o/End°(E); g = [Kq : k]; and = [End°(E) : Kq]. 
Then gh"^ \ s. 

Proof. As the rational representation of { \^.7\) is a faithful representation of the division 
algebra End°(E), it follows that [End°(E) : k] must divide s (see Q, Prop. XVII.4.7). 

□ 

Corollary 2.4.4. Let E = ($, ) be a simple Hilbert-Blumenthal-Drinfeld mod- 
ule of CM-type (K, 5) with complex multiplications by B. Then complex multipli- 
cation gives an isomorphism $ : B End(£') which lifts to an isomorphism 
K ^ End\E). 



Proof. Let Kq, g, h, s he as in Proposition pX3| . Now <I>(K) is a subfield of End°(E) 



and [$(K) : $(k)] = [K : k] = r, and r = s, as is uniformizable. Since the 
centralizer of $(K) contains Kq, we conclude that $(K)Ko is a subfield of End°(i?). 
Because each maximal commutative subfield of End'^(-E') has dimension h over Kq (see 
TT[, Cor. 4.11.15), we conclude that [<l>(K)Ko : $(k)] < gh. By Proposition [^X3| we 



know gh'^ | r = [K : k], and so 

r = [$(K) : <l>(k)] < [$(K)Ko : $(k)] < gh < gh^ < r. 

Hence r = gh = gh"^ and so h = 1; thus End°(i?) ^ K. Now End{E) is isomorphic to 
an order in K, and since B is the largest order O for which crs{0) leaves A invariant, 
we must have End{E) = $(B). □ 

Remark. It is possible to prove Corollary |2.4.4| more directly. If / G End{E), then 
df leaves A invariant. Because cr5(K)A = (Ts(]<.)A, we see that df leaves the 1- 
dimensional K-vector space cr5(K)A invariant. Any non-zero element A G A is a 
generator for this vector space, and so there exists a unique 6 G such that 

d/(A) = tT5(6)(A). 

We know that cr(6) G End°(i?) and we want to show, among other things, that 
6 G B. However we know that, for some denominator a G A, we have a6 G B. For 
g := $(a)/ — $(a6) G End(-E), the displayed line shows that dg has a non-trivial 
kernel {dgX = 0). Because E is simple, every non-zero endomorphism is an isogeny 
and so is an isomorphism on Lie(£'). Thus g = 0, i.e. $(a)/ = $(a6), and thus 
$(6) = / G End(^). As (Ts{b)A = rf$(6)A = dfA C A, we see that beB. 
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2.5. Sub-t-modules and Isogenies. In this section, we investigate criteria for de- 
termining when two t-modules of CM-type Ei and E2 have a non-trivial i-module 
morphism between them or, what will be equivalent, when the two have isogenous 
non-trivial sub-t-modules. When K+/k is Galois, we describe completely the sub-t- 
module structure of E and thus ascertain what sorts of t-module morphisms exist 
between t-modules of CM-type. 

Let ii^ be a t-module of CM-type as in Section BT^, with multiplication rings B and 



B+ and fraction fields K and K+ as described there, with the added assumption of 
this section that K+ is a Galois extension of k. Let E have CM-type (K, S) with 
S := {(Ji, . . . , ad} C Emb(K/k). The following lemma is the basis for the remainder 
of our discussion. 

Lemma 2.5.1. Let L C K 6e a subfield, and set L+ := LnK+. Assume that K+/k is 
Galois. Then the following are equivalent: 

(a) [L : L+] = [K : K+]; and for alii, j, if cri\]_^ = crj\L+, then ai\i_ = crj\]_. 

(b) S = Uj Emb(aj(K)/Q;j(L)) o for certain ai G Emb(K/k) with distinct restric- 
tions OLi\L- 

Proof. The proof is based on two straightforward remarks: (1) K+L/L is a Galois 
extension with Gal(K+L/L) ~ Gal(K+/L+) (cf. H, Thm. VI.1.12). (2) As S consists 
of the extensions to K of the distinct elements of Gal(K+/k), precisely [K+ : L+] 
distinct elements of S restrict to each of the [L4. : k] embeddings of L_|_ into K_|_. 

(a) (b): By the first part of (a) and (1), [K : L] = [K+ : L+] = [K+L : L], so K+L = 
K. By the second part of (a), elements of S in distinct '■= Emb(Q;(K)/a;(L)) o a 
restrict to give distinct embeddings of L_|_. According to (2), S contains precisely 
[K+ : L_|_] elements restricting to the same embedding of of L+/k. According to (a), 
these elements restrict to the same embedding of L/k. As [K : L] = [K+ : L+j, these 
are all the embeddings of K restricting to the given embedding of L/k, i.e. these 
elements constitute a subset of the form Sa- This proves (b). 

(b) =^ (a): Since elements of a set Sa restrict to the same embedding of L_|_ into 
K+, (2) shows that S contains at least [L+ : k] such sets Sa, and 

[K : L][L+ : k] < \S\ = [K+ : k] = [K+ : L+][L+ : k]. 

Since, by (1), [K+ : L+] = [K+L : L], we find [K : L] < [K+L : L]. Thus we must have 
that K+L = K. Therefore [K : L] = [K+ : L+], and it follows that [L : L+] = [K : K+], 
which is the first part of (a). 

Now we know that each Sa contains [K : L] = [K+ : L+] elements, each of which 
restricts to the same embedding of L+ into K+. By (2) then, elements from distinct Sa 
must restrict to distinct embeddings of L+ into K+. This is the second part of (a). □ 

The following proposition provides the sub-t-module structure of E and determines 
when E is simple. It is similar to a well-known theorem about abelian varieties of 
CM-type (see Mumford [0, §22, pp. 213-14). 

Theorem 2.5.2. Let E be a t-module of CM-type (K, S) = (K, {(Xi, . . . , aa}). 

(a) E is isogenous to a power of a simple sub-t-module. 

(b) Assume that K+/k is Galois. Then E is itself simple if and only if no proper 
subfield L C K satisfies either of the equivalent criteria of Lemma \2.5.1\ . 
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Remark 2.5.3. The simple sub-t-module provided by this proposition is itself a t- 
module of CM-type. Indeed the conditions of Lemma ^ . 5 . 1| ensure that it has CM-type 
(I-,'5|0. 

Remark 2.5.4. There are abelian t-modules which are not semi-simple even up to 
isogeny. For example, one can construct non-trivial non-torsion extensions of abelian 
t-modules over an algebraically closed field, and so for this reason there is no general 
Poincare decomposability theorem for t-modules. However, it is not known whether 
pure t-modules are indeed semi-simple up to isogeny. 



Proof of Theorem |^.5. ^ . We first prove (a). Let C £" be a simple sub-t-module. 
Let C C B be the largest A- algebra for which $(C) leaves H invariant. Let L be 
the fraction field of C; thus C is an order of L. Let do = dim if; m = [K : L]; and 
n = [L : k]. For some . . . , /3m G B, the direct sum 

AC + --- + /?mCcB, 

is an A-submodule of finite index. Now for all i, ^{(3i)H is a simple sub-t-module 
isogenous to H. 

As a sub-t-module of a uniformizable abelian t-module, H is also abelian and 
uniformizable (Remark |2.1.1| ), and for W := Lie (if) we have Exp^^^ = Exp^ l^y. The 
action of C on induced by (Ts(B) leaves both W and the period lattice C W 
of H invariant. For each i, Lie{^{Pi)H) = <Ts{j3i)W =: Wi, and as{Pi)AH has finite 
index in the period lattice of ^{j3i)H. 

By a theorem of Anderson Cor. 3.3.6, we know both that A spans Lie(£^) over 
Coo and that (Ts{Pi)AH spans Wi over Coo- As (Ts{Pi)Ah + ■ ■ ■ + (Ts{l3m)AH has finite 
index in A, we find that Lie{E) = Wi + ■ ■ ■ + Wm- Moreover, 

(2.8) E = <l>{f3^)H + --- + <l>{(3jH. 

Now as each (^{(3i)H is simple, we can re-order the (3i so that for some i < m, we 
have an isogeny 

(2.9) E ~ ^{(3i)H X ■ ■ ■ X ^(3e)H. 

Thus E is isogenous to H^, which proves part (a). We will now show that i = m. 

First, we show that the centralizer of $(K) in End°(i?) is $(K). As a 1-dimensional 
K-vector space, crs{K)A = cr5(K)A, for some A G A. For any / G End°(i?), there 
is a G K so that df{X) = crs{cf)X. If / commutes with all of $(K), then in fact, 
{df — as{cf))\\ = 0. Because A spans Lie(£') over Coo, it follows that df = (Ts{cf). For 
some non-zero a & A, g := $(a)/ — $(a)$(c/) G End(£') has dg = 0, and therefore 
g = 0. In other words, / = $(c/). 

Now let Zq be the center of End°(ii). From the diagonal mapping Zq End°(i?) ^ 
Mat£x£(End°(i/)), we see that the image of Zq is in the center of End°(i?) and in 
particular in the centralizer of $(K). Therefore, Zq C $(K) by the above paragraph. 
Thus there is a field Lq C K such that Zq = $(Lo). 

Let ^ = [Zo : $(k)] = [Lq : k] and = [En(f{H) : Zq]. By the general theory 
of semi-simple algebras (see |]13[, pp. 11-12), since (1) End°(i7) is a division algebra 
and (2) <I>(K) D $(Lo) is a subfield of End°(E) ~ Mat£x£(End°(ii)) which is its own 
centralizer, it follows that 

[K : Lo] = ih. 
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Thus we have 

£rankA(A//) = ranlcAA = [K : k] = [K : Lo][Lo : k] = ihlU : k], 

and so 

rank(/J) = rankA(A//) = gh. 

Since gh^ \ rankA(A//) by Proposition |2.4.3| , it follows that h = 1. Therefore 
End\H) = $(Lo) and rankA(AH) = [U : k]. 
On the other hand, 

$(1) C End\H) = $(Lo) C $(K). 

Now End(iJ) n $(B) stabilizes H and is an order in $(Lo). Our choice that C be 
the largest A-subalgebra of B for which $(C) leaves H invariant then implies that 
C D End(iJ) n $(B) and so L D Lq. Therefore, Lq = L and 

rankA(A//) = rankA(C). 

From ( p.9| ) we have rankA(A) = £rankA(C), and of course rankA(A) = rankA(B) = 
mrankA(C). Hence i = m and E is isogenous to H"^. 

For part (b) we prove the contrapositive of both directions. If E is not simple, it 
contains a proper simple sub-t-module H. Picking up the considerations and notation 
of part (a), we see that do = d/m. As the action of C on Ah is obtained through cr^, 
we find from part (a) that we can partition 

m 

{ai, ...,ad} = {JWi^,. . • ,cridj 

i=l 

such that for all 1 < i, j < m and for all c G C, 

(di, (c) , . . . , ai^^ (c) ) = ((Tj, (c) , . . . , aj^^ (c) ) . 

Thus for each k, 1 < k < do, the embeddings agree on L. Since m = [K : L], 

the set {cri,^}'^i can be written as '■= Emb(a(K)/a(L)) o a, for a equal to any of 
the elements ai^., i = 1, . . . ,m. Thus S is the union of sets Sa, and the criteria of 
Lemma |2.5.1| are satisfied. 

Suppose now that there is a field L C K satisfying the equivalent criteria in 
Lemma ^.5.1| . By Remark 2.3.2 it suffices to consider the case that the period lattice 



of E is isomorphic to the maximal order B of K. Let do := [L_|_ : k], m := [K : L], and 
let C and C+ be the integral closures of A in L and L_|_ respectively. By hypothesis, 
we know that S is the union of do subsets of Emb(K/k), each consisting of all [K : L] 
embeddings of K with given restriction to L, given by, say, ctiIl, ■ ■ ■ , <^do\L, i-e. 

(2.10) S = S^,U---US^,^. 
We may index the elements of S = {cXi} so that 

(2.11) o-(j_i)do+A: ^<Sa„, I <j <m, l<k<do. 

We define Ac to be the image in of C under the conjugate embedding 

CTL := © ■ ■ ■ © (TdjL, 

as in (|2.3| ) and (|2.6|) , taking Ac := (1, . . . , 1). By Anderson's Theorem |2.2.1| , Ac is the 
period lattice of a t-module Hq = (Gf°,$c) of CM-type {L, {ai\^, . . . ,ado\i}) with 
complex multiplications by C. Let Expc : be the exponential function of 
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Let A = (Ai, . . . , Arf) be given as in (|2^ ) so that A = cr5(B)(A), and let M : = 
/3iC + • ■ ■ + jSmC C B be a direct sum so that M is a free C-module of maximal 
rank m lying inside B. Let Am '■= crs{M.){X) which has finite index in A. Then for 
b = YlT=il^i^i ^ ^1 definition we have 




^2-12) ^ /o-l(c,) ■■■ \ M(A)A 



(^d{l3i)\dj 



Keeping the convention ( p^.llD in mind, for 1 < z,j < m we let Uji G Matdoxdo(^oo) 
be the matrix 



^cr(j-i)do+i(A)A(j-i)do+i 





and then set 

U := {U,,) e Matrfxd(Coo). 



From ( |2.12| ) we see that 

Am = <T5(B)(A) = f/((Ti(ci), . . . ,ado(ci), . . . ,ai(c^), . . • , c^rfo(Cm))*^ 

where ci, . . . , Cm run through C. Since the image of U spans Lie(i?), we know that U 
is invertible. It follows that for zi, Zd & Coo, 



Z G Am f/ G (o-l(Ci), . . . ,(7do(ci), . . .,ai{Cm), ■ ■ ■,(^do{Cm)) 



tr 



where z = {zi, . . . , z^Y^. Let VTj denote projection onto the i-th component of (Ti_{C) ( 
• • • © cThiC) so that 

/vr, OX 

(2.13) Id = ul •.. \U\ 

Now define an analytic map cm : by 

/Expc(7ri[/"i(z)) 

(2.14) eM(z) ■.= U I : 

\Expc(7r,„f/-i(z)), 

The function eM.{z) then (1) is entire; (2) vanishes exactly on A with simple zeros; 
(3) as a power series in zi, . . . ,Zd satisfies (9eM(z) = Id according to ( [^.13| ); and (4) 
inherits a functional equation from Exp(-. These properties make eM(z) the expo- 
nential function of the t-module Em = (Gf , $m) where $m : A Ma.tdxd{Coo{'r}) is 
given by 



$(a) = [/ ■-. \U-\ 
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As {iiiU-\U7.))i = (zi, . . . , z^) for arbitrary z = (zi, . . . , z^) G {CtT, by 

this t-module is uniformizable, since Hq is. Moreover, it is abehan since Hq is. By 

construction Ef^ is isomorphic to Hq. 

Now Am C a has finite index. By Lemma |2.1.2| there is a uniformizable abelian t- 
module isogenous to E^, which has A as its period lattice. However, uniformizable 
abelian t-modules are determined by their period lattices by a theorem of Anderson 
|T||, Cor. 2.12.2, and so i?A = E. Therefore, E is isogenous to Hq and so contains a 
sub-t-module isogenous to Hq. □ 

Remark. The identity (|2.14|) explicitly determines the way Em. decomposes as a 
product Hq. In practice, ii E = Em, this is a fruitful method for determining the 
exponential functions of such non-simple t-modules of CM-type, as shown by the 
examples in Section ^. 



Theorem 2.5.5. Let Ei and E2 bet-modules of CM-types (Ki,iSi) and (K2,S2) with 
maximal real subfields which are Galois over k. There exists a non-zero t-module 
morphism Ei —>■ E2 if and only if there are subfields Li C Ki and L2 C K2 and a 
Y-isomorphism p: Li — > L2 such that each Lj satisfies the criteria of Lemma \2. 5. 1\ for 
Ki and = {,S2\u) o P- 

Proof. Suppose Ei is isogenous to H^^ and E2 is isogenous to iJ™^ with Hi and H2 
both simple. From Theorem p.5.2| a it follows that the group Hom(£'i, E2) of t-module 



morphisms is non-trivial if and only if Hi and H2 are isogenous. By Remark 2.5.3 



we know that Hi and H2 are t-modules of CM-type. Because for the concerns of this 



theorem we fix our sub-t-modules only up to isogeny, by Remark |2.3.2| we can assume 
that Hi and H2 have period lattices isomorphic to the full rings of integers in their 
respective CM-fields. 

Now suppose that subfields Li C Ki,L2 C K2 exist as in the statement of the 
theorem. Let Si\i_^ = {ai, . . . , a^} and i52|l2 = {'^i? • • • ? '^d}- Because = {<S2\l2) ° 
p, we can reorder the coordinates of either Hi or H2 so that 

(2.15) (JilLi = (^ika) op, 1 <i <d. 

Let Ci be the ring of integers in Lj, i = 1, 2. We can assume without loss of generality 
that for, say, A = (1, . . . , 1)*'' G the period lattices Ai and A2 of Hi and H2 are 

Ai = cr5jLi(Ci)(A) and A2 = cr 52^2(^2) W- 

By ( ^.15| ), for c G Ci, cr5^|j^^(c) = ct^^Il^ o p(c). So it follows that Ai = A2, and, as 
uniformizable abelian t-modules are determined by their period lattices, the original 
Hi and H2 are isogenous (by flj. Cor. 2.12.2). 

For the other direction, we start with a given isogeny ip: Hi ^ H2, where each Hi 
has CM by the full ring of integers Cj in Lj. By Lemma 1.1 of [B^, there is an a G A 



and an isogeny (p: H2 Hi so that (f) o ip = $i(a). These isogenies induce a map of 
A-modules End(-?/i) End(i/2) via 

/ 1 — ^i>o f o(j). 

This map lifts to a k-linear map ip^: : End°(i/i) End'^(if2), 



ip*: f ®b I — ^ ip o f o, 



b 
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which is also multiphcative, as the following calculation shows: 

b c be 

{{ijj o f o (j)) -) ■ {{^p o g o (f)) (g) -) = ijj o f o ^^(a) o g o (f) ® — 



ijj o f o g o (f) o ^2(0,) = 4' ° f ° 9 ° <P ' 



a a 



By Corollary p.4.4| , since the Hi are simple, the maps $j extend to isomorphisms 
^i-.U^ En(f{Hi). Thus 

p := $-1 o o $1 : Li L2. 

Note also that the natural map d: End(ifj) — > End(Lie(ifj)) extends naturally to 
En(f (Hi) via 

d{f0b) = {df){bh,). 
For each c G Li, we verify that the following diagram commutes: 

(2.16) Ue{Hi) Ue{H2) 



ci<I>l(c) = <TSilLi(c) 



Uem —^Uem 

Indeed, writing c = b/e with 6 G Ci and e G A, we see that 

ditjj^ o $i(c))(i^ = d((^ o $1(6) o (/)) ® —)dtjj 

ea 

= dip cr5j]_i(6) # dip —h^ = dip <T5 |i_ (c), 

ea 

as d(p dip = ald^. Because ° '^'i = '^'2 o P, 

d{ip, o $i(c)) = rf($2(p(c)) = 0-5^^2 (p(c)). 

Therefore it follows from the diagram |2.16| that, for every c G Li, crsiWAc) and 
cr52|L2(p(c)) are conjugate and hence have the same eigenvalues. By choosing a prim- 
itive element cq G Li over k, we see that, up to a fixed permutation of coordinates, 
C5i|li(c) equals (y s-zluipi.^)) c G Li, and therefore = 1S2IL2 ° P- D 



3. BiDERIVATIONS AND QuASI-PERIODIC EXTENSIONS OF t-MODULES 

The theory of biderivations and quasi-periodic extensions for Drinfeld modules was 
developed by P. Deligne, Anderson, and Yu. E.-U. Gekeler gave an alternate approach 
to the de Rham isomorphism in the very accessible source [^. Anderson suggested 
the relevance of quasi-periods for obtaining Gamma values at those rational points 
which are not the ratio of monic polynomials to Thakur, who passed the hint along 
to us some years later. Here we extend much of from the setting of A-Drinfeld 
modules to that of arbitrary t-modules. 

For the remainder of Section ^ we fix a t-module E = ($, Gf). 
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3.1. Biderivations. A ^-biderivation is an Fg-linear map 5 : A — > tM[E) satisfying 
the product formula that, for all a, b & A, 

6{ab) = i{a)-6{b) + 5{a)<^{b). 

Lemma 3.1.1. Let m e tM{E), i.e. m is any element of the t-motive M{E) asso- 
ciated to E such that m has no r° terms: 

m G Hom^(£', Ga), dm = 0. 

Then the assignment 1 1— > 5{t) := m induces a ^-biderivation dm- 

Proof. By F^-linearity, we need only check that the "competing" expressions given by 
applying the product formula inductively to different factorizations 

are equal. This verification is straightforward. □ 

This lemma gives a natural isomorphism between the L-vector spaces Der($) and 
tM{E). Certain biderivations can be given algebraically in terms of $ using the 
identification M{E) ~ {L{t}Y. Set 

:= N^{L) := {V e Matix<i(L) : VN = 0}, 

where N is the nilpotent part of d^{t) — Old + N. 

Let t/ = (C/i, . . . , Ud) e {L{t}Y with dU e N^{L), where dU = {dUi,..., dUd) 
denotes the vector of coefficients of t° in U. We define 6^^^ : A M{E) via 

(3.1) S^^\a):^U^a)-L{a)U, 

for every a e A. The condition dU e N-^ is equivalent to saying that dS^^^ (t) — 0, 
i.e. that S^^\t) e tM{E). 

Since d''^\ab) = U<^{ab) - L{ab)U = L{a){U<^{b) - L{h)U) + (C/$(a) - i(a)C/)$(6), 
d^^'' is indeed a $-biderivation. Such $-biderivations will be called inner, and they 
constitute an L-vector space which we denote Derj„($). Note further that, in terms 
of the i-motive M{E), we are setting 8^^\t) = {t - 9)11. 

Lemma 3.1.2. If M — M{E) is a torsion-free t-motive over L, then, as L-vector 
spaces, 

Min (t - e)(rM + 7V^t°) ~ Der,„($) 
via the natural isomorphism 

{t - 0)U ^ 

Proof It is clear that for U e M, 

{t - e)U e Deri„(<l>) <=^U eTM + N^r°. 

Since M is torsion-free, multiplication by t — ^ is injective. □ 

Definition. Several other distinguished subspaces of Der($) and quotient spaces will 
play a role in our discussion: 

Dero($) := {6^^^ : U E Ar^(L)r°} = {(5^^) e Der,„($) : U E LV} 
Der,i($) := {6^^^ : U e rM} (strictly inner) 

Hdr{^) ■■= Der($)/Der,i($) (de Rham) 
Hsr{^) := Der($)/Derj„($) (strictly reduced) 
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The phrases after the definitions indicate the names for the type of biderivation 
involved and thus account for the subscripts employed. 



a) ! 



Proposition 3.1.3. For any t-motive M = M(E) over L, where = ($ 

Beiini^) = Dero($) © Der,i($) 

and, if M is abelian, 

(3.2) dimi Dero($) = d - rankiV 

(3.3) dimz. Hdr{^) = r, 

(3.4) dimiHsri^) = r - d + iankN 

where d = dimE' = rankij,-} M, r = rankE' = rank^i^] M, and d^(t) = Old + ^■ 

Proof. The direct sum decompositions are immediate. By definition, dimiDero($) = 
dimiN-^ = d — rankA^. To calculate the dimension of Hsr{^), we appeal to the 
following diagram, where here we assume that E is abelian of rank r: 

tM 





Min M 



{t - 9)M 

The labels indicate the L-dimensions of the quotients. By Lemma |3.1.2| , v is the 
codimension of tM + N-^t^ in M. Thus ir = rankA^ and dimL Hsr{^) = id = 
r — d + rank A^. □ 

3.2. Quasi-Periodic Functions. In this section we investigate quasi-periodic func- 
tions and quasi-periods associated to $-biderivations. The reader is directed to 
Gekeler for a historical motivation for this and related terminology. 

Proposition 3.2.1. Given a ^-biderivation S defined over L, there is an entire F^- 
linear function Fs : Coo given by the unique power series satisfying: 

(3.5) Fs{d^a)z) = L{a)Fsiz) + d{a) Exp(z), 

(3.6) Fsiz) = (mod z«), 

where the latter condition means that every non-zero monomial in the power series 
Fs{z) is of the form Cuzl with h > 0, Cu G Coo- Furthermore, Fs{z) has coefficients 
from L. 
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Proof. Write Exp(z) = (ei(z), . . . , ed{z)), 5{t) = {6i{t), . . . , Sd{t)), with the variables 
chosen so that = (riij) is upper triangular. If 

Fs{z) = '^Ch- z"^'' = ^ Chizf H h Chdzf, 



then we can equate coefficients in ( |3.5|) with a = t to find the equality 

d)chiz\ = Term involving in (5j(t)ej(z). 



h 



ft 

It shows that the Ch\ is uniquely determined and that the terms Ch\z\ as /i — *• oo 
for any fixed value of z\. Therefore, for any fixed values of z^., the terms Chxi^z^ny^)'^ 
tend to zero as /i — >• cx) in the following equality: 

(9^ — 9)ch2z'^ + C/ii 72^2-^2 = Term involving in <5j(t)ei(z). 

h 

Consequently, we find that the terms Ch2Z2 tend toward zero as /i ^ 00 for any 
fixed value of Z2. Iterating this argument, we find that each series 

h 

is uniquely determined and entire. Thus -^^(z) is uniquely determined and everywhere 
convergent. 

The Fg-linearity of Fs{z) and the following recursive calculation show that Fs{z) 
satisfies the required functional equation with respect to d: 

F5{d^f+^)z) = 9Fs{d^(f)z) + d{t) Exp(ci$(f )z) 

= 9{9'Fs{z) + 5{f ) Exp(z)) + 8{t)^{f) Exp(z) 

= ^^'+^F5(z) + 5(f+i)Exp(z). 

□ 



The unique F^-linear function given by Proposition |3.2.1| is said to be the quasi- 
periodic function associated to 6. 

It is easy to check from the unicity of Fg that, if (5 = + £2'525 with ii, £2 ^ L, 
then 

Fsiz)=hFs,{z)+e2Fs,{z). 

Remark. Note that, since the image of Exp(z) is dense in G^(Coo), if the biderivation 
6 is non-zero, then all functions satisfying the functional equation (|3.5|) of Proposi- 



tion 3.2.1 are non-zero, even if we allow solutions which violate fB.Gl). The solutions 



to that relaxed functional equation comprise the set ^^(z) + N-^{L) ■ z, where -^^(z) 
is the quasi-periodic function of 6. 

Proposition 3.2.2. The quasi-periodic function related to 6^^^ G Derj„,($) is 

F^^\z) := UExp{z) - dUz. 
Proof. Note that F^^^ (z) has no linear terms and that the functional equation holds: 
F(^)(d$(t)z) = C/Exp((i$(t)z) - dUd^{t)z 

= ^(t/Exp(z) - dUz) + (C/$(t) - 9U)Exp{z). 

□ 
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If A G A := KerExp is a period of of E and 5 G Der($), then 7] := 775(A) := Fs{X) 
is called the quasi-period of 5 corresponding to A. The following result is an immediate 
corollary of Proposition p.2.2| . 

Corollary 3.2.3. The quasi-period rig{u){\) associated to the inner biderivation d : = 
zs 

T]giu) (A) = dU ■ X. 

Therefore the quasi-periods of inner biderivations defined over L are L-linear com- 
binations of the coordinates of the corresponding periods. 



the matrix 



Extensions. 


Let <5i, 


■ ■ ,Sj be 




/ 






m 





*W ■ = 














\ Sjit) 





J 

where di{t) is situated directly beneath in the {d + i)th row of ^'(t), and the 
unique following non-zero entry in that row is in the {d-\- i)th column, i.e. in the ith 
column following the entries for 6i{t). Here and below we omit the from the linear 
terms for easier reading of matrices. In addition, define the entire mapping 

Exp^ : ^ C'J^ 

via 

Exp<p(z, u) := {Exp{z),ui + Fi{z), . . . ,Uj + Fj{z)f'' , 
where for simplicity we have written for Fs^. 

Proposition 3.3.1. In the situation of the preceding paragraph, Q := is a 

t-module with exponential function Expg = Exp^ and with periods 

{X,-rii{X),. . . ,-r]j{X)), 

where r/j(A) is the quasi-period of di corresponding to the period X G C^. 

When 61,..., Sj represent L-linearly independent classes in Hsr{^), we call the 
corresponding extension Q of E a strictly quasi-periodic extension. 

Proof. That defines a t-module follows from the hypothesis that $ does and that 



/c/$(t) 
V 





eh 



where Ij is the j x j identity matrix. 

That Exp^ satisfies the appropriate functional equation 

Exp^(ci^(t)(z, u)) = ^{t) Exp^(z, u) 

follows from the functional equations for Exp$ and for the Fi. Moreover, since the 
Fi{z) have zero linear terms, the linear terms of Exp^(z, u) are precisely (z, u)**", as 
required for the exponential function of a t-module. □ 
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Thus we find that \& gives an extension of the t-module E by the basic t-module 
, GiiC^) > Q > E > 



id 



Exp^ 



Exp^, 



> G^a(Coo) > Lie(g) > Ue{E) > 0. 

This is a generahzation of the one- dimensional (Drinfeld) case and an exact ana- 
logue of the extensions of an elliptic curve £ by the additive group G^. In the latter 
situation we have the exponential maps 

Exp$ < — > z {p{z),p{z),l) 

Exp^j, < — > {u,z)h^{u + bC{z),p{z),p'{z),l), 



involving the Weierstrass quasi-elliptic function C and a constant b E C (see 



§3.2.c). The various choices of the constant b classify the possible extensions, with 
6 = giving the trivial, i.e. split, extension. Thus Ext(£^,Ga) — C. 

Remark. The quasi-periodic extension Q is uniformizable if and only if E is uni- 
formizable. Moreover notice that Q is never abelian for j > 0, since the \E'(t) action 
on the latter j coordinates is multiplication by the scalar 6. 

The leitmotiv of the remainder of this section is that quasi-periodic extensions of 
E of the same dimension depend essentially only on the strictly reduced cohomology 
classes involved. The first step is given by the following: 

Proposition 3.3.2. Let di, . . . , dj and d'l, . . . , 6'j be ^-biderivations. If both sets gen- 
erate the same subspace of Hgri^), then the corresponding quasi-periodic extensions 
are isomorphic. 

Proof. This proposition follows from the following remark, whose verification is im- 
mediate. The first identity there shows that the isomorphism class of the extension 
is independent of the representatives chosen for the classes in Hsr{^)- The second 
shows that the isomorphism class is independent of the generators chosen for the span 
in Hsr{^). □ 

Lemma 3.3.3. If 81,62 are ^-biderivations and U G M{E) with dU G A^"*", then 

8,{t) e)\-u i) \5,{t) + 6^''\t) e 

6r{t) e 0^^ 1 = 5i(t) e 
52{t) e I -c i) \52{t) + c6,{t) e 

where 0^ denotes the zero (column) vector of length d. 

One important consequence of this lemma is the following remark: 

Corollary 3.3.4. Let Q be the extension of E associated to the ^-biderivation d. 
Then the extension 

O^Ga^Q^E^Q 

splits if and only if 6 is inner. 
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Proof. If 6 = d^^^ is inner, then choose (5i = in the first part of the preceding 
lemma. 

Similarly, if there is a self-isogeny O of Q such that 

then comparing entries first in the lower right-hand corner gives that the lower right- 
hand entry c in B satisfies c6 = 6c, i.e. c E L. Then considering entries along the 
bottom row shows that, up to a non-zero scalar multiple c, 

cS{t) + c/$(t) = eu, 

where {U; cr") is the bottom row of G. Now if c = 0, then {t — 6)U = 0. However, 
since the t-motive M{Q) is a free L[t]-module, we would have U = 0. Thus the 
bottom line of G would consist of zeros. In that case, G would have an infinite kernel 
and could not be an isogeny. Therefore c 7^ 0, and 6 is inner, as claimed. □ 

3.4. Minimality of Quasi-Periodic Extensions. Let A be a surjective morphism 
from the uniformizable t-module (T,G^) to the uniformizable t-module We 
say that (T, G^) is a minimal extension of ) if no proper sub-t-module of (T, G^) 

surjects onto ($, G^). Intuitively this places (T,Gjj) at the opposite extreme from a 
split extension. That intuition will be made precise in this section. 

Proposition 3.4.1. LetQ = (\E', G^^-') be the extension associated to ^-biderivations 
Si, ... , dj. Then the following are equivalent: 

(a) The biderivations di, . . . , dj represent linearly independent classes in Hgri^)- 

(b) Q is a minimal extension of E. 



Proof, (a) =^ (b). We adopt the notation of Section ^]3| for our strictly reduced 
quasi-periodic extension. The plan is to start with a non-trivial algebraic relation 
on a proper sub-t-module H of Q and conclude that the image of H lies in a proper 
sub-t- module of E. Choose coordinates for E so that d^(t) is upper-triangular. 

Assume that we have a non-trivial relation holding on the coordinates of H, which 
is smallest with respect to the reverse lexicographical ordering on monomials in 
Xi, . . . ,Xd,Ui, . . . , Uj. Since the underlying group is F^-hnear, this minimal relation 
has the following form for all (x, u) E H (see WM, §VI.12): 



(3.7) i?(x, u) = i?i(xi) + • ■ ■ + Rdixd) + Slim) + ■■■ + Sjiuj) = 0, 

in which all the Ri, Si G L{t}. Now we make a series of observations based on the 
fact that if is a sub-t-module, i.e. that, for all (x, u) G H, 

(3.8) R o ^(t)(x, u) = R[{xi) + ■■■ + R'dixd) + S'lim) + ■■■ + S'j{uj) = 

as well. We show by contradiction that the variables of u are not involved in this 
minimal relation. 

Since the relation ( p.7|) is minimal and the effect of \Ef(t) on the variables u is 
multiplication by 9 (plus a sum affecting the variables of x), we apply \E'(t) to obtain 
another algebraic relation and, on comparing maximal monomials with respect to our 
ordering, we conclude that, if the variables u were involved in ( |3.7|) , then for each i 

s,{eu,) = e'^"s,{u,). 
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for a fixed h. Thus, since 9 ^¥q, each Si is a monomial of degree q^. However L is a 
perfect field, and we can write 



(3.9) Si{ui) H h Sj{uj) = (siui H h sjUj) 

with the Si G L. 

Again comparing terms in the relations ( |3.7| ), ( |3.8| ) and ( |3.9| ), but this time for the 
variables in x, we find that 

(3.10) ^^'Rx = R$(t)x + r^5(t)x, 

where R = [Ri, . . . , Rd) and 5 ■= Si5i + ■ ■ ■ + Sj5j. In particular, for each variable 



where $(t) = (0i,,(t)) and (5,(t) = (5i,i(t), . . . , ^^^(t)) G rM. 

Assume for the moment that h 0. Let i?£ = r^r" + higher degree terms, G L. 
Notice now that the 6i^i{t) lack linear terms. Since d^{t) = OI^+N is upper-triangular, 
4>i,i{t) has no linear terms unless i = 1. From (|3.1CI|) we see that 

Because /i 7^ 0, it follows that ri = 0, i.e. Ri does not have a linear term. Similarly 
from (|3.10|) we see that 

e''\2 = ri #i,2(t) + ra^. 

Since Ti = 0, we see as above that r2 = 0. Proceeding by induction we find that 
= for i = 1, . . . ,d, and so none of the Re involve linear terms. But in that case, 
since the Re are Fg-linear, the relation (|3.71 ) would not be minimal; we could extract 
the gth root and have a equation of smaller degree for elements of H. 

Therefore we are reduced to the case h = 0, and we find that (|3.1CI| ) has the form 



0R = R$(t) + 5(t). 

However this means that —6 and thus 6 are inner, whereas the given 61, ... , 6j are 
L-linearly independent modulo the inner biderivations. Consequently 6 = 0. Since 
Si = ■ ■ ■ = Sj = 0, we see that the minimal relation (|3.7|) actually involves only 
variables from x after all. Therefore the projection of if in ii^ cannot be surjective. 

(b) =^ (a): Assume now that di, . . . , dj do not represent linearly independent classes 
in Hsr{^). Then by an automorphism of Q involving only a linear change of coor- 
dinates, we may assume that dj is inner. Then, as we have seen above, we may 
conjugate by a matrix leaving the terms corresponding to <5i, . . . ,<5j_i invariant to 
see that Q has a direct factor corresponding to 5j. If there are further inner bideriva- 
tions lying in LSi + ■ ■ ■ + Ldj^i, we may proceed to find further direct factors of 
Q. 

At any rate, in this case, the direct complement of these factors form a proper 
sub-t-module of Q which projects onto E. Thus Q is not a minimal extension of E 
in this case. □ 



Therefore we have the following result: 
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Corollary 3.4.2. Let the quasi-periodic extension 

^ Gi ^ Q ^ E ^ 0. 

be associated to a basis for the subspace D C Der($). Then there is a unique maximal 
direct factor of Q lying in Kervr ~ G^, and it has dimension equal to the dimension 
of D nT)eiin{^) 



Proof. According to the identity of the first part of Lemma p.3.3| , the elements of Ker vr 



corresponding to Dj„ := DnDerj„($) form a direct summand of Q. Let H C Ker tt be 
a direct summand of Q. We need to show that the space B of biderivations associated 
to elements of H is contained in The above short exact sequence becomes 

Q^H®K'^H®Q'^E^Q 

or, since H C Keryr, 

^ fsT' ^ g' ^ ^ ^ 0. 

Choose an L-basis <5i, . . . , <5i for B fl Dm and extend to a basis for Dm with the 
biderivations ^j+i, ■ ■ ■ Augment ^i, . . . , <5j with . . . , (5^ to an L-basis for B 
and finally extend with biderivations 5m+i, ■ ■ ■ ,Sj to obtain a basis di, . . . ,Sj which 
produces Kervr. 

Now the part of H corresponding to BCiDin is a direct summand of H. Quotienting 
the original exact sequence by it, we may assume that i = 0, i.e. that B fl D^ = 0, 
and take as our objective to show that, in this case, H = 0. According to the identity 



of the first part of Lemma p.3.3| , the quasi-periodic extension of E corresponding to 
6i,...,6i is also a direct summand of Q'. Quotienting by it, we may assume that 
also that Dm = 0, i.e. that / = 0. But then 6i, . . . ,6i are representatives of linearly 



independent classes in Hsr{^), and therefore by Proposition |3.4.1| in this case, the 
original extension is minimal. Consequently, since Q' projects onto E, Q' = Q, and 
H = 0, as desired. □ 

As a special case, we state the following corollary: 

Corollary 3.4.3. Let A be the space spanned over L by the ^-biderivations 6i, . . . , Sj 
and let Q be the corresponding quasi-periodic extension of E. 

(a) Q is a split extension of E if and only if A G Derj„ ($). 

(b) Q is a minimal extension of E if and only z/0 = A fl Deri„($) 

3.5. Cohomology under Isogeny of Abelian t-modules. Here we extend a re- 
mark of 0] to arbitrary abelian t-modules. If G is a t-module morphism from Ei = 
($1, Gi^) to E2 = ($2, Gf'), then it induces a C^o-linear map 6* : Der($2) ^ Der(<l>i) 
via 

(0*(5)(a) := S{a)e, Va G A. 

One sees from its functional equation that the quasi-periodic function associated to 
Q*d is 

(3.11) F0,,(z) = FsidQz). 

When we choose biderivations 5i,...,6j reducing to a basis for Hgri^i) and j = 
r — d -\- rank A^, we can write 0*6 = 6^^^ + X]i=i ^i^i- Then by Proposition p.2.2| we 
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can also write 

j 

(3.12) Fe.5(z) = UExpE^{z)-dUz + Y,c^FsX2)■ 

i=l 

Proposition 3.5.1. If Q is an isogeny from the abelian t-module Ei = ($i,G^) to 
E2 = ($2;^^) (necessarily also abelian), then G* induces isomorphisms 

(a) ej^R : Hbr{^2) Hbr{^i) and 

(b) e:,:Hsr{^2)^Hsr{^,). 



Proof. By isogeny Ei and E2 have the same dimension and rank; furthermore, A^i = 
d^i{t) — 6 Id and N2 = d^2{t) — did have the same rank because dQNi = N2dQ. In 



hght of the dimensions calculated in Proposition |3.1.3| , it suffices to show that 6Jj)j^ 
and 0*^ are injective. 

Since Q : Ei ^ E2 is an isogeny, there is an isogeny Q : E2 ^ Ei and a non-zero 
element a G A so that 



ne = $i(a). 

$i(a)*, and so we need only show that $i(a)Qp{^ and $i(ci) 



Clearly {nO) 
are injective. 

Suppose that $i(a)*<5 is inner (or strictly inner). Then 

(<l>i(a)*(5)(6) = 6{b)<l>i{a) = U<l>i{b) - L(b)U 

for some U e M{Ei) with dU e (or dU = 0) and for all b e A. 
Let V := {i{a))~^{U - S{a)). Since V^i{a) = U, we see that 

6^^\b)<^i{a) = V$i(6a) - L{b)V<^i{a) = U<^i{b) - L{b)U = d{b)<^i{a). 

Since M{Ei) has no t-torsion, we can cancel the common right factor to see that 
S = d^'^\ which is strictly inner if and only if $i(a)*5 is so. □ 

Corollary 3.5.2. Let O be an isogeny from the abelian t-module Ei = ($i,G^) to 
E2 = {^2,^t)- Let Si,...,Sj be representatives of linearly independent classes of 
Hsri.^2)- Let Q2 be the quasi-periodic extension of E2 associated to Si,...,Sj, and 
let Qi be the quasi-periodic extension of Ei associated to Q*6i, . . . , Q*Sj. Then the 
matrix 



e 
L 



where Ij is the j x j identity matrix, is an isogeny from Qi to Q2- 

Proof. According to the preceding proposition, the Q*5i are representatives of a basis 
for Der($i)/Derj„($i). Since 








.. 


• °^ 









.. 


• °\ 


e*Si{t) 


e 


.. 


. 






e 


.. 


. 


e*S2{t) 





e .. 


. 




S2{t) 





e .. 


. 


\e*d,{t) 





.. 


• 0) 




\6,{t) 





.. 


• ej 









we see that 9* is an isogeny from Qi to Q2- 



e 




□ 
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Corollary 3.5.3. LetQi be strictly quasi-periodic extensions of the abelian t -modules 
Ei of maximal dimension, i = 1, . . . ,m. Let E be isogenous toY[Ei. Then any strictly 
quasi-periodic extension Q of the t-module E of maximal dimension is isogenous to 

UQi- 

Proof. Let Qi arise from the $j-biderivations Sij,j = Then according to 

part (b) of Proposition |3.5.1| , the Q*Sij are linearly independent modulo Derj„($). 



As in the proof of part (a) of Proposition p.5.1| , 

rank - Old) = ^ rank (rf$i(t) - OhJ . 

Moreover, lankE = ^ranki^j, dimE = ^ dim Ei. Thus, according to Lemma p.Ll| , 
dim^ Hsr{^) = rank-E - dimE + rank((i<l>(t) - Old) 

= ^ (rankEj - dimEj + rank((i<l>j(t) - OldJ) 

i 



Consequently, the Q*Sij span Hsr{^), and we conclude via Proposition p.3.2| . □ 



Remark. Let Q : Ei E2 he an isogeny between simple t-modules defined over L. 
Then G is defined over L, as L is algebraically closed. 

Corollary 3.5.4. If Ei and E2 are isogenous abelian t -modules defined over L, then 
the L-vector space spanned by the coordinates of the periods of Ei is independent 
of i. The same is true of the L-vector space spanned by the quasi-periods and the 
coordinates of the periods for maximal strictly quasi-periodic extensions defined over 
L. 

Proof. Let Q : Ei ^ E2 he an isogeny and let Ai,A2 denote the period lattices for 
Ei,E2. Then ciBAi is an A-sublattice of A2 of finite index. Thus the L-spans of the 
lattices are the same. 

We saw in the preceding result that such an isogeny 6 induces an isogeny 6* of 
the related minimal quasi-periodic extensions. The claim follows on appealing to 

O- □ 

4. t-MoDULES Arising from Solitons 

In 0, Anderson introduced the notion of a soliton function, which is a higher 
dimensional analogue of the shtuka function for rank 1 Drinfeld modules. Coleman 
had given such meromorphic functions explicitly for the Fermat and Artin-Schreier 
curves [H, and Thakur explained these examples in terms of the Gamma function. 
Anderson observed the parallel between these ideas and certain topics in differential 
equations and thus developed "solitons." 

Sinha used the soliton theory in his Minnesota Ph.D. thesis [|16|, [l^, ||18| to con- 



struct t- modules whose periods have coordinates which are algebraic multiples of 
r(a//) with a and f in A both monic with deg(a) < deg(/). 

In this section we propose to construct t-modules whose periods involve arbitrary 
r(a//) with deg(a) < deg(/), and to determine their sub-t-module structure in terms 
of Thakur 's bracket relations. 
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In order to render a coherent account here of our own considerations, we have found 
it necessary to first recapitulate in Sections [4.1| - [4.3| , those concepts, constructions. 



and conclusions of Sinha to which we appeal. We believe that in this way, the reader 
may discern the flow of the arguments much better. The expert may simply glance 
through this section to reassure himself or herself of the notation we have adopted. 
The newcomer may well find it a guide for the exploration of the related aspects of 
Sinha's far-ranging work. 

4.1. Soliton Functions. We fix some notation. In all that follows, unless otherwise 
specified, we will take fiber products and tensor products over F^: i.e. x := Xp^ and 

Recall that the Carlitz module (C, Go) is the 1-dimensional t-module defined by 

cit) = e + T, 

with exponential function ec '■ Coo Coo- Fix throughout / G = {a E A : 
a is monic}. Let 



and let 



be the integral closure of A in i^' := Kf := k{(f). The group (A/f)^ is isomorphic 
to the Galois group Gal{K/k) via 

/ bTT\ ( a\m\ 



/; V / 

The infinite place cxo of /c is ramified in with inertia and decomposition group the 
natural subgroup F^ C (A//)^. Thus if we take Kj^ C -fT to be the maximal subfield 
in which oo is totally split, then 

\K:K^\ = q- 1, 

and 

: k\ = \{a e A+ : deg(a) < deg(/), (a,/) = 1}|. 
We take 5+ for the ring of integers of K^. Moreover, if we let 

(4.2) J+ = {a G : deg(a) < deg(/), (a, /) = 1} 
and 

(4.3) I={aeA: deg(a) < deg(/), (a, /) = 1}, 

then Gal{Kf/k) = {o"a : a G X} and Gsl{K+/k) = : ct G We outline 

Sinha's definition of an important class of t-modules Ef := ($j,Gj^) of dimension 
d := |X+| using Anderson's soliton function as follows. 

Let X/¥q be an irreducible smooth projective curve with function field K, i.e. we 
choose an isomorphism ^ : Fg(X) K, which amounts to providing a if-valued point 
^ G X{K). Let U := Spec(-B) C X, and take oo for the complement of U, i.e. the 
points extending oo in the natural map X — P^. Let V G X he the open subscheme 
which is the complement of the zeros of /. For a G (A/f)^ we take [a] : X ^ X 
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over ¥q for the automorphism induced by the morphism . B B of A-algebras 
(going in the opposite direction). 

Theorem 4.1.1 (Anderson f^). Let f G A^. There exists a unique rational function 
(j) on X X X , regular on V x U, such that for all a & A with deg(a) < deg(/) and 
(a, /) = 1 and for all positive integers N, 

l-0(Frob^(O,HO= n i^ + T-) 

neA+ ^ ■'^^ 
deg(n)=Af-l 

where Frob : X —>■ X is the q-th power Frobenius morphism. 

In fact Anderson and Sinha completely determine the divisors of and 1 — on 
X X X, see ||16| for details. These divisor identities led Anderson to term a 
soliton function for X . 

We will not use the full two- variable version of soliton functions, but rather a one- 
variable version as follows. We extend scalars on X by an algebraically closed field 
L/k (e.g., L = k or L = Coo)- We then obtain the curve over L 

X := SpecL x X. 

We note that there are copies of the rings. A, B, K, etc., contained in the function 
field of X: once as functions on X and once as scalars. To make the distinction 
between the two interpretations, we take 6 & L for the constant function on X and 
t G i^(X) for the function on X such that t(^) = 6. On X, the function t — 6 then 
has divisor 

(4.4) div{t-9)=(j2l^]A-iq-l)I, 
where 

/ := Spec L X oo. 

When appropriate, we will use the notation A = Fq[t], B, K, etc., for copies of A, B 
and K with underlying variable t G A playing the role of ^ G A. As before, define 
t : t to be the corresponding isomorphism fixing F^. 

Via the action of the g-th power Frobenius r : L ^ L, it is possible to conjugate 
functions, divisors, etc. on X. For a rational (or analytic) function r on X, we let 
7-(i)^ 7-(2)^ _ _^ denote successive conjugations. Note that r'^^^ is obtained by raising 
the coefficients of r to the g-th power. Likewise, for a divisor D on X, the conjugate 
D'^^^ is obtained by raising the coordinates of the points in the support of D (in some, 
and thus every, coordinate system) to the g-th power. 

Definition. We can also pull-back functions on X x X by the natural map 

X = Spec L X X ^ X X X. 

Given / G A+, the single- variable Anders on- Coleman soliton function gj, or simply 
soliton function, is defined to be the rational function in L{X.), 

9 ■= gf ■= ^ - 4>f-^ ^ L. 

Anderson's theorem now leads to the following result, which provides the connection 
between solitons and Gamma values at rational arguments: 
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Proposition 4.1.2 (Anderson P). For all a E I and N > 0, 

n (i+i)' 

neA+ ^ ^ 
deg(n)=Af-l 

Note that the right-hand side in the above equation is the reciprocal of a partial 
product of r(a//). 

4.2. Soliton t-Modules. 

4.2.1. Divisors of Solitons. Fix / G A+. We define the following effective divisors 
on X: 

deg(/)-2 

W.= Wr-= [a] oFrob'''^^(^)-^-2(0, 

(4.5) deg(a)<i 

The divisor of the soliton function g is then shown to be 

(4.6) div(^) = -W + 



Moreover, Sinha |T7] uses this fact to construct t-modules in the following manner. 

4.2.2. Soliton t-motives. Recall that U G X is the open set isomorphic to Spec-B. 
We take U C X to be 

U := SpecL x U. 
Let fix be the sheaf of meromorphic 1-forms on X, and define 

M^:=r(U,fix(W^)) 

to be the usual L-vector space of 1-forms which are regular on U with at worst poles 
(all simple) along W. As defined, Mf is a L[t]-module under left-multiplication, since 
t is a rational function on X which is regular on U. In analogy with Drinfeld's shtuka 
approach to Drinfeld modules, Mf is made into a L{r}-module by defining 

(4.7) T ■ m := g frrS^\ 

for every m G Mj. Sinha then proves the following theorem. 

Theorem 4.2.1 (Sinha |T^, §3, §5). With the given L[t,T]-module structure, Mf is 
a uniformizable abelian t-motive defined over L. 

Under the equivalence of categories between t-motives and t-modules, we take 

Ej:=EiMf), 

to be the abelian t-module associated to Mf (see Section |2.1| ). Sinha then computes 
the dimension and rank oi Ef t-module to be: 

(4.8) d := dim{Ef) := rankij^} Mf = |X+|, 
and 

(4.9) r := rank(E/) := rankL[t] Mf = |J|, 
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where X+ and X are defined as in ( [4 .21) and ( [4 .31) . We put Ej = ($/, Gf), i.e we take 
$ : = $/ for the homomorphism defining the t-module action on Ef. 

Remark. The dimension of Ef is equal to [K+ : k], where K+ is an extension of k 
which is totally split at oo, i.e. the maximal real subfield of Kj. Furthermore, the 
elements of Bj are rational functions on X which are regular on U, so Mf is a Bj- 
module. In Section [4.3| (see Remark |4.3.2| ) we will see how the action of d^{Bf) on 



Lie{Ef) extends the conjugate action of B+ as in Sections p^2.3|. Thus Ef will be 
seen to be a Hilbert-Blumenthal-Drinfeld module with real multiplications by B+ and 
with complex multiplications by all of By, making it a t-module of CM-type. 



4.2.3. Exponential Functions of Soliton t-Modules. We proceed as in Sinha |T^, §3-4. 
For the rest of this section we take L = Coo- We begin with a discussion on analytic 
functions on X. First, as Coo(t) = C^o ■ k is the function field of P^/Cqo, we interpret 
the Tate algebra, 



2l:=Coo{tM ■■- 




lim \e'ai\ = 



as the Coo-algebra of functions on which are analytic in the closed disk of radius 
1^1 centered at 0, i.e. the rigid analytic disk of radius \d\. Extend 2t to 

53 :=B^ ®A2t = 2l[C/]. 

Let X be the rigid analytic variety associated to X. Then 03 is the Coo-algebra of 
functions on X which are analytic on il, defined to be the inverse image under t of 
the closed disk of radius \6\ about 0. In particular it contains the zeros of t — 6, 

as in ( (4.41 ). Moreover, il is the affinoid variety contained in X associated to Note 
that, as the Coo- valued points of X and X exactly coincide, we are free to consider 
points and divisors on X as points and divisors on X. 
Following Sinha, we let 



\ a e r(il, Oxi-W + S)) a G r(U, Oxi-W + E)) \ 

(4.10) TZ:-- " 



r(u,Ox(-w^)) 

In light of the discussion in the previous paragraph, modulo those rational functions 
on X which vanish along W, elements of TZ are analytic functions on il which have 
zeros along W and possibly poles (all simple) along S and which, under the operation 

(4.11) ay-^a , 

9 

become rational functions on X (which themselves vanish along W and might have 
poles along S). The operation in ( |4.11| ) allows us to continue a eTZ meromorphically 
to all of U, with poles possibly at points of S^*) for i >0. 
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Sinha then obtains the exponential function of Ef by constructing a commutative 
diagram via residues 

7^ 

(4.12) \^ 

Ue{Ef) ^-^^^EfiC^), 

where res= represents the sum of residues over all points of S and the map T^Lie : 
TZ — > Lie{Ef) is an isomorphism of Fg-vector spaces. 

To define T^Lie and T^Exp, we first choose a basis {ni, . . . , n^} for Mf as a Coo{t}- 
module. Since Mf is defined to be T (U , flji_(W)) , it follows that for any a E 71, the 
differential arij will be regular on U except for possible poles along S^*^ i > 0. The 
map 

7^Lie : 7^ ^ Lie(^/) ~ 

is defined by 



oo 



(4.13) TeLie : a 



^resH(a?^d)/ 



Sinha shows that ( [4.13| ) is an isomorphism of Fg-vector spaces via the calculation of 
certain Ext groups (see §4). The exponential function is then obtained from the 
map 

7^Exp : 7^ Ef{Coo) 

defined by 

/E*=o resHw(ani)^ 
(4.14) 7^Exp : a : 

res=(>) {and) 

so that Exp^^(z) is obtained by composition of T^Exp with the inverse of T^Lie. 

Remark 4.2.2. Because we will need the technique later, we demonstrate that the 
map T^Exp satisfies the functional equation determined by the t-module structure 
on Ef. It can further be shown that map 7?.Exp o T^Lie"^ is analytic and that its 
coordinate functions are normalized as in Section |2.1.2| (cf. Proposition [4.4.1|) . For 
our given Coo{T}-basis for Mf, we have a representation 



tm = J] $(t) 



where $/(t) = ($(t)ij) G Matrfxd(C'oo{T}) is the multiplication-by-t action on Ef as 
in (12.11). Therefore 



ress(o)+s(i)+-(^"'^i) = y^ress(o)+s(i)+-(«'^('^)»i^j)- 

i 

To verify that T^Exp satisfies the functional equation, it is enough to show for every 
m e Mf that 

res=;(o)_,_=(i)_,_...(arm) = (res=(o)+2(i)+---(^'^))^- 
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Recall from the definition of a in ([4.10|) that ga 
sm^^^ has no poles on U. Therefore, from ( |4.7| ) 



a 



(1) 



s e r(U,Cx(-W^^^^)); thus 



ress(o)+=(i)_ 



(arm) 



(4.15) 



ress(o)+H(i)+-(afi'"^^^^) 

Tes^io)^^(l)_^,...{c^^^^m^^^) + res=;{o)+s{i)+...(sm^^^) 
(res=(o)+5{i)+...(am))5. 



Remark 4.2.3. Again because we will need the technique below, we record here the 
fact that the map TZExp : 71 Ef{Cao) can also be defined by taking residues along 
/ = SpecL X oo: For a G 7^, let r := a - a^/^ ^ r(U, 0^{-W + H)). 



7?.Exp : a 



res/ 



r + -m + 



r(2) 



g(0) ^ gWgW 



Til 



\ 



\resj ((r + + + ■ ■ ■) n^) ) 



This representation relies on the following lemma (see 0], §2, or [Q, §1.3.3). 

Lemma 4.2.4. Let (3 he a meromorphic function on U with discrete poles, and let 
n be an algebraic differential form on X. Let mj be a strictly increasing sequence of 
integers such that uj := (3n is regular on {7 G U : |t(7)| = 16*1"^^ }. If for every real 
number p> 0, limj^oo P*"^ sup|j(^)|^|gpj { } = 0, then 



E 

7eu 



res^l^tuj 



0. 



First, using the identity 



(4.16) 



a — 



g(0) . . . g(N) 



r + 



.(1) 
9 



+ ■■■ + 



9---9 



(7V-1) ■ 



which is established recursively, we find that 



^res=(,)(an,) = ^res^w ( (o) . . . Jn) ) 



1=0 

— res/ 



res J [rnj 



Scondly Sinha [O, Lem. 4.6.4, shows that for any real number p > 0, we have 
hm p-?" sup {|a(^)n,/((?(°) ■ ■ ■ g^''-'^ = 0. 



Combining these two facts with Lemma |4.2.4| , Sinha determines for N sufficiently 
large that 



(4.17) 



7eu 



a 



(N+l) 



^ 1 gi^)---gW 



00 

res2(i) 

i=0 



a 



(7V+1) 



giO) . . . giN) 



0, 



since on U the poles of a^^^Uj/ {g^'^^ ■ ■ ■ g^'^ lie along S^^-' + S^^^ + 
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4.3. Periods of Soliton t-Modules. In the next important step, Sinha determines 
the kernel of the map T^Exp : 71 Ef{Coo) from ( [4.12| ), and a fortiori obtains the 
period lattice of Ef. 

Consider the infinite product 

1 

which converges in the space of rigid analytic maps r(ii, Ox{—W + H)). Clearly, 



.(1) 



9 



0, 



so Cg G TZ. From Remark |4.2.3| it then follows that Cg is in the kernel of the exponential 
map TZExp, and in fact Sinha shows that 

Ker(7^Exp) = BfCg. 

The period lattice A f of Ef is then the image of Ker(7^Exp) under T^Lie : TZ — > 
Lie{Ef). Thus Af is an A-module of rank [K/ : k], since it is a free B/-module of 
rank 1. 

Following Sinha, we now choose a Coo{T}-basis for Mf which is amenable to com- 
puting the period lattice explicitly. Define 



1, if deg(a) = deg(/) - 1, 
0, if deg(a) < deg(/) - 1. 

Note for a E I that e{a) is the multiplicity of [a\S, in S — W . Sinha then chooses a 
Coo{T}-basis {Tia}aeJ+ for so that ria is defined over fc; 

naer(u,w^-H + [a]0; 

reS[,]5(K)/(t - ey^-)) = 1; 



and 

a pole of order 1 at [a]^, 
no pole at [6]^ if 6 7^ a, e{h) = 0, 
a zero at [b]^ if e{b) = 1, 

no pole or zero at [a]^, 
no pole at [b]^ if e{b) = 0, 
a zero at [b]^ if b ^ a, e{b) = 1, 

Thus determining Af amounts to computing 



if e{a) = 0; 



Ua has < 



if e(a) 



1. 



TCa ■■= ress[Cgna) 



res 



a]^{Cgna), 

since the image of arbitrary b ■ Cg in Af G Lie{Ef) is then 



(4.18) 



7^Exp(6■ Cg 



Cra{L{b))7la 



\ 



£2:4 



The function b is evaluated at the point [a]^, for which we see &([a]^) = aa{L{b)). Note 
that this shows that the action of (i$(B+) on Lie{Ef) is the conjugate action cr(B_(.) 
of K^/k, where cr = ©cra|K+ for a G X+. 
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We now compute Tes[a\^{cgna) ■ From ( |4.5| ) and ( |4.6|) it follows that the function 
'^a — {9^^^ 9^^^ ■ ■ ■ has poles among the points [a]^ of S exactly when e{a) = 1. Thus 
if e(a) =0, then by Proposition ^4.1.2 , 



(4.19) =9{m-' n ( 



, -1 

a 



fn 



Likewise, if e{a) = 1, then by a similar calculation 

We see right away for all a G X_|_ that 

(4.20) """^^(7 

because n^, g, and ^ are defined over k. Sinha further computes these algebraic factors 
and obtains the following explicit result after some careful analysis. 

Theorem 4.3.1 (Sinha |T^, §5.3.9). Let a, f E A be monic with deg(a) < deg(/) 
and (a, /) = 1. Then 

z/deg(a) = deg(/) - 1, 

z/deg(a) < deg(/) - 1. 

Remark 4.3.2. From the preceding choice of coordinates on Lie (£"/), in particular 
( [4.18| ), we see that Ef is a H-B-D module with real multiplications by B_|_. Further- 
more, if we let 

Sf = {aa e Gal(Ky/k) : a E J+}, 

then Sf is an extension of Gal(K_|_/k) to Gal(Kj/k). From ( [4.18[ ) we see that Ef is 
a t-module of CM-type (Kj,iS/) with complex multiplications by Bj and conjugate 
action cr f '■= f^Sf 

4.4. Quasi-Periodic Soliton t-ModuIes and Quasi-Periods. We now apply the 
ideas underlying Sinha's construction to the quasi-periodic extensions of soliton t- 
modules defined Section |^. Since d^f{t) for the soliton t-module Ef has no nilpotent 
part, i.e. [t — 9)Mf C tMj, we see from Proposition |3.1.3| that 

dimc^ Dero($/) = d and dimc^ Hsri^f) = r - d, 

where d and r are the dimension and rank of Ef defined in ( [4.8| ) and ( [4.91 ). Moreover, 
we know that 




(4.21) 

and our immediate task is to find a convenient basis for this space (defined over k) 
and compute the associated quasi-periodic functions and quasi-periods. 
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4.4.1. Quasi-periodic Functions. As in Section given an element of the t-motive 
m G tMj, we have an associated biderivation <5 := (5^ : A — > {Coo{t}tY defined by 

S{t) = {6,{t),...,6,{t)), 

where m = ^ 6j(t)nj for a fixed Coo{T}-basis {ni, . . . , n^} of Mf. 

We now proceed to express the associated quasi-period function Fg : Lie(£'/) Coo 
in terms of residues, as in ( [4. 121 ). Consider the map TZFs : TZ C^o defined by 



/ am \ 

UFs : res^c^) ( j—^ I 

i=l ^ ' 



Ifs e T (U, Oy^{-W)), then sm/{t-e) G r(U, fix(-[2:]e-S)). ThnsUFsis) = 0, and 
so T^-F^ is well-defined. Moreover, TZF^ essentially gives the quasi-periodic function 
for S according to the following proposition. 

Proposition 4.4.1. For S = Sm, the corresponding quasi-periodic function is given 
by 

Fs := UFs oTZLie-K 
Thus, by definition, the following diagram commutes: 

Ue{Ef) ^ ^Coo. 

Proof. A. We first demonstrate that TZFs satisfies the functional equation of Fg, 



proceeding as in Remark [4.2.2| . Using m = ^ 6j{t)nj, we see that 



El tarn \ f it — 9 + 6)am 

resH« — ^ =2^res=« 



,t-e A^--'V t 

1 = 1 ^ ' 4 = 1 



E°° / Qam\ 

res=w (am) + 2_^res=(o I -— - 1 

i=\ i=i 



Note by Q and Q, that m e rMf = TT(U,n^{W)) = T(U,^l^{W - S)), and 



so res=(o) (am) = 0. Therefore, the above calculation continues 



^resHW (j^^ 



i=0 \ j / *=1 

5(^)(7^Exp(a)) + eUFsia), 



where the last equality follows exactly as in ( ^.15| ), using the definitions of T^Exp and 
-JZFs. 

B. Next we show that the composite TZFs o 7?.Lie~^ : Lie{Ef) is an entire 

function. For that we choose a system zi,. . . ,Zd of coordinates for Lie(i?/). Given 
a E 71, set Zj := res=(o) (an^), j = 1, . . . ,d. Thus from the definitions of the various 
twists involved, we see that 

(4.22) 4' =resHw(«(')nf ). 



LINEAR INDEPENDENCE OF GAMMA VALUES 



37 



Our goal is to express res=(o(am/(t — 6)) as a Coo-linear combination of Zj with 
coefficients which decrease sufficiently rapidly with i. 

We make some preliminary observations. Let r := a — G r(U, Oyi{—W + S)). 
Recall ( [4.161) and use the fact 



g{0) . . . g{3-l) 



^Gr(u,Ox(-w^ + ELoS('))), 



which is verified recursively, to see that 



am \ I a*^*) m 



Next, we write m as 

d u 

(4.24) m = ^5j it)nj = 5Z 5Z ^-i^'^J' e C-oo. 

j j=l s=l 

Combining ([4.23|) and ( [4.24| ) we then have 

(4-25) res,(o = |j |j ^^'"') ' 

Finally, since for each k, 1 < k < d, we have {t — 9)nk G rM/, if we set n = 
(ni, . . . , ri(i)*''', we can write 

(t - 0)n = fiirn + ■ ■ ■ + B^r^n, 

where each G Mat^xdiCoo)- Then we divide by t — 6' and substitute this expression 
in for n in the term Birn to obtain 

where each t* has entries which are the sum of terms of the form bi/{t — 6)t^ or 
bi{t — 6)^^T ■ ((t — ^)^^6j_i)r*~^, where the bi are coefficients of Bi. Continuing in this 
way, we can progressively eliminate the first j — 1 degree terms to find an expression 

(4.26) n = B^/l,r^+^n + • ■ ■ + ^^j.-r^+^n, 

where each Bli^r"^ has coefficients which are sums of terms of the form 



for which ei + 62 + ■ ■ ■ + e^-i + = w, for 1 < < f , each 6e is an entry of the 
constant matrix B^, and j + l<'W<j + v. 

Now we substitute the expressions from ( 4.2(: ) with j = i — s — 1 into the terms 
of ( [4. 251 ) involving r^n^. According to ( [4.7D , when we multiply by the preceding 
expression ([4.27]) and apply r^, we obtain 



(4.28) 



is) 



^62 



(s+ei) 



^63 



t-9 



(s+ei+e2) 



7 (s+eiH \-ei_i) 



X 



9 
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When w > i — s, the above differential multiphed by 



a 



9 



is regular along since then the uncancelled g^^'' occurs in the numerator. Therefore 
the contribution towards the residue at H*^*^ of such terms is nil, and we can concentrate 
on the terms with w = i — s. We obtain that 



res=(i) 



am 



d 

E 



ress{o {Gj^ia^'^'rij 



where Gj^i is a rational function in t — 6* and certain twists t — 9^'^^ on X without poles 
along 'E^^\ Because Gj^i is constant on we conclude from ([4.22|) that 



(4.29) 

It follows that 
(4.30) 



res=(i) 



am 



TZFs o 7^Lie" 



2:1, 



Zd 



00 

i=i j=i 



and so, using the fact that we have already shown that this function satisfies the 
proper functional equation, by Proposition ^.2.1| it will be shown equal to Fs once we 
verify that the right-hand side is entire. 

To this end we need to estimate |Gj_j(^*-'^)|, which we do by estimating the terms 
appearing in (|4.28| ). Since we have the bound 





, (s+eiH hefc_i) 




\Qq' _ 6l(s+ei + -+efc_i) 



< 



5" 



\9\i' 



on the factors occurring in ([4.28]), where B is an upper bound for the absolute values 



of the entries of the matrices B~ , we see that 



J' 



(^)^ 



< 



c 



^g+g2+...+g'-i 



< 



C B1' 



191"' 



\9\^ 



< 



where C is an upper bound on the coefficients 'jsj in ( [4.24|) . Here we have used the 
fact that s + ei + ■ ■ ■ + e; = in ( [4.27|) , whereas I < ej < v, 1 < j < I. From this 
estimate it is clear that ( [4.30|) is entire, since |^| > 1. One can also show that the 
power series in ( [4.30|) is entire by appealing to Proposition 2.1.4 of [H. □ 

4.4.2. Quasi- Periods. As defined in Section p.2| , the quasi-periods of Ef coming from 
d are the values Fs{Af) C Coo, where A/ is the period lattice of Ef. As in Proposition 
3.3. 1| , these quasi-periods are then the coordinates of periods of the quasi-periodic 
extension of Ef corresponding to 6. 

The quasi-periods of any inner biderivation S are linear combinations of the coor- 
dinates of the periods of Ef with coefficients from any field of definition of Ef and 5. 
Thus for questions of linear independence over k involving both periods and quasi- 
periods, we may as well assume that our biderivations are strictly reduced and defined 
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over k. Our first task is to find a convenient Coo-basis for Hsr{^f) or, equivalently 
by (^1211) , a basis for TMf/{t - e)Mf defined over k. 



Lemma 4.4.2. There exist representatives Ua, a G T\I+ for a Coo-basis ofrMf/{t — 
0)Mf for which 

(a) ria is defined over k; 

(b) Ha G r(U, n^{W - 2[J]e + 2[a]0); 

(c) Tes[a]({na/{t - 9)) = 1; 

(d) res[a]5(nb/(t - 9)) = 0, ifa^b. 

Proof. Tlie Coo-linear maps [pa : m res[a]^ (t^e) : o € 2^ \ 2^+} on 
rMy = rr(U, nx(W^)) = r(U, fix(W^ - S)), 

are linearly independent over Coo- Indeed by Riemann-Roch, for j sufficiently large 
r(X, Ox(j7 - 2[J]e + NO) C r(X, Ox(j7 - 2[J]e + 2[a]0) and r(x, n^{ji + w- 
5 - HO) S r(X, llx(j/ + - S)). Further the pa are trivial on (t - 9)Mf. Thus 
we can choose {n^} as representatives of a basis modulo (t — 9)Mf dual to the maps 
Pa- That the are defined over k follows from the fact that the t- motive Mf is 
obtained by extending scalars on a t-motive which is initially defined over k (as in 
Theorem liXTl) . □ 

We now fix a basis {n^ : a G X \ X+} for TMf/{t — 9)Mf as in the above lemma, 
thus obtaining a basis {da} for Hgri^f)- For 6 G B/, let 



\ 



J 



be a period in Lie(£'/) as in ( |4.18|) . We define for each a G X \ X+, 

??a,fe := ?7a(Afe) := -F5,(Afe) 
to be the corresponding quasi-periods. 



Theorem 4.4.3. Fix a basis for TMf/{t — 9)Mf defined over k as in Lemma \4-4-^ 
For each a E I \ and 6 G Bj, 



Va,b = Fs,{Xb 



aaib)caT( - 



CaE k 



Remark. As pointed out by the referee, the explicit formulas for solitons in Anderson 
0, Sinha |17|, and Thakur [21] provide a basis for determining the values of Ca 



precisely, in the spirit of Theorem |4.3.1j . See Section |6.1| for a special case. 



Remark. For an arbitrary $j-biderivation defined over k, the corresponding quasi- 
periods are /c-linear combinations of Gamma values in 

:= {r(a//) : deg(a) < deg(/), (a,/) = 1}. 

Indeed, the strictly quasi-periodic extensions QfoiEf with j = d — r{Ef) as de- 
scribed in Proposition 3.4.1 provide examples. Furthermore, Theorem |4.4.3| shows 
that by appropriately choosing a basis for Hsr{^f), we guarantee that the periods 
of this quasi-periodic extension have coordinates which are simply non-zero algebraic 
multiples of all the values in Tf. 
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Remark. It is possible to define more general soliton functions on X. Namely, given 
s E A with deg(s) < deg(/), Sinha defines a function (ps on X which is a certain 
pull-back of (see §2.2.8). We can proceed with our various concerns using this 
function (ps instead of (p and construct a corresponding t-module Nevertheless, 
this t-module can be shown to be isogenous to Eg for some monic g dividing /, so for 
considerations of transcendence and linear independence over k for Gamma values, 
we gain nothing new. 

Proof of Theorem \i.4-!^ - Fix a G X \ X+ and b E Bf. In the following, for precision 
we distinguish between the function 6 G on X and the scalar G Bf. As 
A;, = 7?.Lie(6 ■ Cg) from ( |4.12| ), it follows from Proposition [4.4. 1| that 



(4.31) Va, = nPs^ {h.Cg) = Y, resH(0 (^) 

i=l ^ ^ 



From Lemma it follows that hria/it - 6) e r(U, l^xl^T - [J]^ + 2[a]0)- Thus 
as Cg G r(il, Ox{—W + S)), the remark immediately following equation ( [4.11| ) shows 
that the poles of hcgUaj it — 9) contained in U lie along the support of the divisor 



Moreover, we establish 



/ A \ ( bCgUa \ 

(4.32) res[a]5 ( JZ~q ) + ^^^sm+sw 



[a]e + + S(^) + ■ ■ ■ . 
bcgna\ fbCgUa 



t-e 



This equality follows from Lemma |4.2.4| . The required estimates are obtained exactly 



as in Sinha [|T^, Lem. 4.6.4, (taking a = Cg), and the sum on the left of ( |4.32|) is 
taken over all of the poles of bCgUa/ {t — 9) contained in U. Combining ([4.31|) and 
i WM ) we find that 

(4.33) r]a,b = TlFsSb ■ Cg) = - reS[„]^+s(o) (^y^^^ • 

As hua/it -6) E r(U, nyi{W - [I]^ + 2[a]0), it follows that hcgria/it - 6) is regular 
at [a']C, for a' G X, a' 7^ a. Lemma [4.4.2| bc combined with the calculation of ( [4.19 ) 
shows that 



Because g and [a]^ are defined over k, the constant Ca '■= —g{[o]0^^j ^ ^ 
Cay^O. □ 

4.5. Sub-t-modules and Connections with Bracket Relations. In this section 
we investigate the correspondence between the bracket relations on special values of 
the Gamma function of Section [1.2[ and the presence of sub-t-modules in soliton t- 



modules Ej. Since the soliton t- modules are of CM- type, the results of Section p3 
apply. 

Let / be monic and let a G X. Recalling in ([4.1[ ) that we identify Gal(K//k) with 
X, we define the following subset of Gal(Kj/k): 

(4.34) F(a) := {a, G Gal(K^/K) : T{s/f) ^ r(a//)}. 
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Note first that F(l) is in fact a subgroup of Gal(K//k): by the bracket relations, with 
mi = 1, rris = —1 and all other entries of m equal to 0, we see that G F(l) if and 
only if for all representatives u of elements of (A//)^ we have 

us mod / is monic <^==^ u mod / is monic, 

where a mod / denotes the remainder of a after division by /. This condition is 
certainly closed under multiplication. Similarly, for each a G X, we find that F(a) is 
a coset of F(l), i.e. F(a) = ¥{l)aa- 

The set 5/ C Gal(K//k) from Remark |4.3.2 is defined by 



(4.35) Sf = {aa G Gal(Kj/k) : a mod / is monic}, 

and so we find that Sf is the union of cosets of F(l). Let Lj C Kj be the fixed 



field of F(l). Theorem p.5.2| then shows that there is a sub-t-module Hf of CM-type 
(L/,iS/|l^) such that Ef is isogenous to HJ^, where m = [K/ : L/]. 

Proposition 4.5.1. The relation on X induced by T{a/ f) T{b/ f) gives a decom- 
position of I into disjoint subsets of cardinality m. 

Proof. |F(a)| = |F(1)| = [K^ : Lj] = m. □ 
Lemma 4.5.2. Hf is a simple t-module. 

Proof. Since Hf is itself a t-module of CM-type, it is isogenous to a power of a simple 
t-module of CM-type. Thus there is a smallest field L C C which satisfies 
the criteria of Lemma |2.5.1| . Let F be the subgroup of Gal(Kj/k) corresponding to 
Gal(K//L). Certainly F(l) C F. However, if as G F, then since Sf is the union of 
cosets of F, it must be the case for all u G (A//)^ that us mod / is monic if and only 
if u mod / is monic. Thus F = F(l), L = Lj, and Hf is simple. □ 

The following proposition follows from Proposition [4.5. 1| and the simplicity of Hf. 

Proposition 4.5.3. The soliton t-module Ef has a proper sub-t-module if and only 
if there exist distinct a, h El such that T{a/ f) V(h/ f). 

We now consider special values of the Gamma function at fractions having different 
denominators. When necessary we write for any n G A_|_, X„ = {a G A : deg(a) < 
deg(n), (a, n) = 1}, and similarly for F„(a) corresponding to the group in ( [4.34| ). 

Theorem 4.5.4. Let f and g be monic and distinct. The following are equivalent. 

(a) There exist non-trivial t-module homomorphisms Ef ^ Eg. 

(b) Hf and Hg are isogenous. 

(c) There exist a, G Xj and h EXg such that T{a/ f) ^ T{b/g). 



Proof. Certainly (a) and (b) are equivalent according to the discussion in Section ^ 



Assuming that Hf and Hg are isogenous, then by Theorem p.5.5| the CM-field L of Hf 
and Hg is a subfield of KjflKg and simultaneously satisfies the criteria of Lemma p. 5.1 
for both Kf and Kg. Furthermore, if we let iSl be the preferred embeddings for the 
CM-type of Hf, then for some at G Gal(Kg/k) we have 

(4.36) S^ = Sf\^=iSg\i_)a,'\^. 

Now let m be the least common multiple of / and g, and let u G X^. We claim that 

(4.37) u mod / is monic <^=^ ub mod g is monic. 
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Indeed, suppose u mod / and (^ub mod g are monic with C G . It follows that 
au G Sf and cr^^b G Sg. However, by ( |4.36| ) we can choose ay G Sg so that aya^^\]_ = 



(T„|l. Then certainly aya^^ ^\\_^ 
Lemma p.5.1| , we must have 



(^Cuhf^b and so by the hypotheses on L from 



Therefore (T^m|l = o-ycr^"^ |l = implying that C = 1- Using (|4.37|) we find that 
r(l//) ^ T{b/g), completing (b) implies (c). 

Now suppose that T{a/ f) ^ V{h/g) for some a and h G Tg. For any m G Xm it 
follows that r{au/f) ^ T{hu/g). Thus we can specify without loss of generality that 
r(l//) ^ r(6/^) for some h G Jg. Let G C Gal(K^/k) be the subset 

G := {a, G Gal(K„/k) : V{s/f) ^ 1(1//)}. 
Certainly G is a subgroup of Gal(Km/l<) by the bracket relations. We claim that 

G = {a, G Gal(K„/k) : T{hs/g) ^ T{h/g)}. 
Indeed, if m G (A/m)^ and cr^ G G, then 



(4.37) 

ub mod g monic < > u mod / monic 

'^^lA'geFgCi) <7,|A'^,eF^.(i) 

uhs mod g monic < — 4- us mod / monic. 



(4.37) 



Furthermore, as in ( [4.34|) , 



G|k, =Fy(l) and G|k, = ^5(1). 

We let L be the fixed field of G, and thus L is the CM-field of both Hj and Hg. 
Because (A/m)^ (A//)^ and (A/m)^ (A/g)^ are surjective, if follows from 
that 

Sf = {cTulKf '■ u E (A/m)^ and u mod / is monic}, 
Sg = {cmIks : u ^ (A/m)^ and u mod 5^ is monic}. 

Because r(l//) ^ r{b/g), it follows that 

0"u|kj G 5/ <^=^ CTulKgCTfo G Sg. 

Thus = ^glLfx^^lL, and by Theorem |2.5.5| Hf is isogenous to Hg. 



□ 



Remark. The proofs of the above results make no use of the period computations 
for Ef and Qf performed in the previous sections. With these period computations 
in hand, we now point out that Yu's Theorem of the Sub-t-module provides an- 
other explanation for the direction that the existence of bracket relations of the form 
r(a//) ~ V{h/g) guarantees that Hf and Hg are isogenous. These methods will be 
the main focus of the next section. 
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5. Linear Independence Results 

5.1. Yu's Theorem of the Sub-t-Module. The following result is indispensable 
for all our transcendence considerations. 

Theorem 5.1.1. (Yu, Thm. 3.3) Let the t-module E = ($,Gf) be defined over 

k. Let u G Lie(£') with Exp(u) G k . Let V be the smallest Coo-vector space defined 
over k which contains u and for which 

(5.1) d<^{t)V C V. 

Then V = Lie(if) for some sub-t-module H of E. 



This result is a precise analogue of Wiistholz's Subgroup Theorem with one 
very important deviation, namely the condition ( ^.1|) . Because of ( ^.1|) , Yu's theorem 
|5.1.1| does not directly imply the fc-linear independence of the coordinates of the 
point u G Lie(i?) except when the nilpotent part of (i$(t) = Old + is actually 
zero. Therefore we show that = for Sinha's soliton t-modules. This fact and 
our analysis of the structure of such t-modules allows the complete analysis of the 
fc-linear independence of 1, tt and values r(a//) where a, / G A+ with (a,/) = 1. 
Since the other special Gamma values r(r),r G k occur as coordinates of periods of 
quasi-periodic extensions, and = in that case as well, we use our analysis of the 
structure of products of minimal extensions of t-modules to obtain the desired general 
results of fc-linear independence by, in a sense, reducing to the soliton base case. 

5.2. Proofs of Results. In this section, we apply the results of preceding sections 
to obtain linear independence statements for minimal quasi-periodic extensions of 
simple t-modules, for t-modules of CM-type in general, and for soliton t-modules in 
particular. As the setting becomes more and more specialized, we shall see that the 
assertions become more specific. In this section, for a t-module E defined over /c, we 
denote by Q^; a strictly quasi-periodic extension of maximal dimension and defined 
over k. 

Theorem 5.2.1. Let H be a simple t-module defined over k in which d^nit) = 
Old- Let Q := Qh = (^jGf^-^) be a strictly quasi-periodic extension of H with 
corresponding quasi-periodic functions Fi, . . . ,Fj. Let u = {ui, . . . , Ud) G be non- 
zero with Expj:^(u) G k"^ . Then the quantities 
(5.2) ui, . . . ,Ud,Fi{u), . . . ,Fj{u) 

are k-linearly independent. 



Proof. If the values of (|5.2| ) are linearly dependent over k, then, by Yu's Theorem of 
the Sub-t-Module ^.1.1| , the point corresponding to (|5.2|) lies in the tangent space at 
the origin of a sub-t-module R of Q. 

Proposition |3.4.1j shows that Q is a minimal extension of H. Therefore, by mini- 



mality, u is contained in the tangent space of a proper sub-t-module 5* of H. As H 
is simple, S is zero, contrary to our choice of a non-zero u. □ 

The proof of this result generalizes to admit several H and various u. We say that 
the points ui, . . . , u„ G Lie{E) are linearly independent over End{E) when the only 
endomorphisms Ci, . . . , e„ G End(i^^) with dciUi -|- ■ ■ ■ -|- dCnUn = are Ci = • • • = 
e„ = 0. 
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Corollary 5.2.2. Let Hi, ... , Hn denote non-isogenous simple t-modules defined over 
k and with each d^i{t) = 61^^. For each i = 1, . . . ,n, let the set Ui = {un, . . . , Ua.} 
be linearly independent over End(ifj), ua = {um, . . . ,UiMi) with each Exp^j.^ua) G 
Ga(/c)*, and let Fn, . . . , Fis^ defined over k be the quasi-periodic functions correspond- 
ing to a maximal strictly quasi-periodic extension Qh- over k. Then the quantities 

are k-linearly independent. 



Proof. By Yu's Theorem of the Sub-t-Module |5.1.1| , any linear dependence relation 



would give a proper sub-t-module -R of H Qh, with Lie(i?) containing the point whose 
coordinates are given by tuples of the above values. Since strictly quasi-periodic 
extensions are minimal, we know by Proposition 1 of |^ that R projects onto a 
proper sub-t- module S oiY\H^\ 

In that case, we can apply Yu's Kolchin-type result |2^, Thm. 1.3, to conclude that, 
for some fixed z, there are non-zero endomorphisms G End(ifj), I = 1, . . . , £j such 
that the projection of 5* is contained in the sub-t-module of H^^ given by O^x^ = 0. 

In particular, ^ c/B^Uj^ = 0. This identity is contradicted by our hypothesis that 
Uji, . . . , Uj^. are linearly independent over End(ifj). □ 

Recall that, according to Theorem p.5.2| , every t-module E of CM- type is isogenous 
to a power of a simple sub-t-module H (also of CM- type). So the above result tells us 
in particular that the coordinates of periods of Q^; are given by those of Qh- However 
in the CM setting, we can be even more specific. 

Theorem 5.2.3. Let E be a t-module of CM-type (K, 5) defined over k. Say that E 
is isogenous to with H simple, defined over k, and of CM-type (L, Let Qe 
and Qh denote maximal strictly quasi-periodic extensions of E and H , respectively, 
defined over k. Then the k-vector space Ve spanned by the coordinates of all periods 
of Qe has as basis the coordinates of any non-zero period of Qh- 



Proof. Note from Corollaries p.5.3| , |3.5.4| that Ve is spanned by the coordinates of 



the periods from Qh- We use the CM structure to show that Vq^^ is spanned by the 
coordinates of any non-zero period of Qh'- 



Define <jh '-= cr^U, in the notation of Section |2.3| . By Remark p.3.2| , we may 
assume that the period lattice of H is (Th{^h)^ for some A. We need to verify 
that, for each 5 among the $H-biderivations . . . , 5j underlying the quasi-periodic 
extension Qh, Fs{crH{^H)^ lies in the fc-span of the coordinates of A and the ^^-(A). 

Recall that (^h extends from A to B/^ in such a way that 

^Hmuih) = ^Hmuit) 

and thus in particular (TH{b)d^Hit) = d^^nifyf^Hip). Now let <5 be a $j|/-biderivation. 
Then the fact that 

Fs{cTH{h)d^H(t)7.) = Fs{d<^H{t)cTH{b)z) 

= 9Fs{aH{b)z) + S{t) ExpH{(TH{b)z) 
= 9Fs{aH{b)z) + 6mH{b) Exp^(z) 

shows thus that Fs[ct Hib)z) is itself the quasi-periodic function associated to the 
^//-biderivation $(6)^,(5. Therefore the values of this function at A G A will lie in 
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the /c-span of the coordinates of any non-zero period. Hence Vg^ is spanned by the 
coordinates of any non-zero period of Qh- 

Since the t-action on Lie(Qi^) is scalar, Yu's Theorem of the Sub-t-Module 
imphes that any /c-hnear relation on the coordinates of a fixed period A actually will 
hold on Lie{R) for some proper sub-t- module R of Qh- However Qh is a minimal 
extension of the t-module H. So the period onto which A projects in H would lie 
in a proper sub-t-module of H. Since H is simple, A projects onto 0; however such 
a A = 0, contrary to our hypothesis. Therefore the coordinates of A and the quasi- 
periods Fs^^) form an L-basis for Vh, as claimed. □ 

The preceding theorem also extends to several t-modules at once. 

Theorem 5.2.4. Let Ei, . . . ,En be t-modules of CM-type defined over k. For each 
i, we use the following notation: 

(a) Ei ~ with Hi simple, defined over k. 

(b) Pi denotes the set of coordinates of a non-zero period of Qni ■ 

(c) Vi denotes the k-vector space spanned by all the non-zero coordinates of periods 
ofQE,- 

If the Hi are pair-wise non-isogenous, then W^^^Pi is a k-basis of Vi -\- ■ ■ ■ -\- Vn- 

Proof. We know from the preceding result that Pi is a fc-basis for the fc-vector space 
Vi,i = 1, . . . ,n. Since each Qh^ is a minimal extension of Hi, then by Lemma 1 of 
@! riQj^, is a minimal extension of H-f^*- We know by Yu's Theorem of the Sub-t- 
Module |5.1.1| that any fc-linear relation on UPj gives rise to a proper sub-t-module of 
n QHi, which, by minimality, projects onto a proper sub-t-module i? of Hi. By the 
simplicity and non-isogeneity of the Hi, we know that the only proper sub-t- modules 
for YlHi have trivial projections onto some factor, say Hj. But then the underlying 
period of Hj must be zero. That forces the whole period of Qhj to vanish, contrary 
to our choice of Pj. □ 

The above considerations apply to soliton t-modules. But we can be completely 
precise in this case. For the following theorem we recall that the notation T(ri) ^ 
r(r2) means that a bracket relation implies that r(ri)/r(r2) G k. 

Theorem 5.2.5. Let q > 2. The numbers 

{1,7?} U rep{r(r) : r G A; \ A}/ ^ 

are k-linearly independent, where the notation means that we take any set of repre- 
sentatives of the equivalence classes for the relation ~ on the set {r(r) : r G A; \ A}. 

Proof. It is clear that the claim holds for every choice of representatives if it holds for 
any choice. Ifr = 6 + a//, a, 6 G A, / G v4+, then r(r) ^ r(a//), since a mod / = 
{bf + a) mod /. Therefore we may always choose representatives of ~ of the form 

r(a//), aeif,feA+. 

Proposition [4.5. 1| says that all ^-equivalence classes among these values have car- 
dinality m when Ef ~ HJ^. Thus there are exactly dimQnf classes among them. 
According to equation ( ^.2CI| ), Theorem [4.4.3| , and Theorem |5.2.3| , these representa- 



tives span Ve^, a fc-space of dimension dirnQH^- Therefore any choice rep(Qj/j.) of 
^^-representatives among the r(a//) gives a A;-basis for Vj;^ = V//^,. 
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Thus one choice of rep{r(r) : r G A; \ A}/ will be a disjoint union of rep(Q/f^), 
taken over non-isogenous Hj. Consequently, the claim of the theorem is equivalent to 
the statement that l,7r and coordinates of non-zero periods from non-isogenous Qhj 
are /c-linearly independent. We proceed to prove this assertion. 

Yu's Theorem of the Sub-t-Module shows that, if there were a fc-linear relation 
on the coordinates of such periods, then there would have to be a proper sub-t-module 
i? of a finite product of the form 

Q := G„ X C X Qhj^ X ■ ■ ■ X Qhj^ 

for which Lie(i?) would contain the point q := (1, tt, A/^, . . . , A/,J, where each A/ is 
some non-zero period of Qup / = /i? • • • ? /n and C denotes the Carlitz module. Here 
the Qhj occur exactly when some r(a//), a G is involved in the supposed fc-linear 
relation. Moreover, since g > 2, and/or C appear exactly when 1 and/or tt are 



involved in the relation. Cf. pO|, §6. For ease of exposition, we simply assume that 
to be the case here. 

By Lemma 1 of 0, the above product is minimal. Therefore R projects onto a 
proper sub-t-module S of the corresponding product 

^ := Ga X C X X ■ ■ ■ X 

for which Lie(S') would contain the projection p of the point of q of Lie(i?). Again 
the point p in Lie(S') projects non-trivially onto the factors because, as we saw in 
Proposition |3.3.1| , the non-zero periods of Qh are produced from - and project to - 
non-zero periods of H. 

For the conclusion of the proof we keep in mind the following three remarks: 

(a) The underlying simple Hf, Hg have been taken to be non-isogenous. 

(b) The Carlitz module C has period an algebraic multiple of tt, and C does not 
have CM. Therefore it is a simple t-module which is not isogenous to any of the 
sohton t-modules Ef. 

(c) The trivial t-module Ga is also simple and not isogenous to C nor any Hf. 

Now 

Lie(E) = Lie(GJ x Lie(C) x Ue{HfJ x ■ ■ ■ x Lie(if/J. 

Since the factors of E are non-isogenous and simple, the only proper sub-t-modules 
have tangent spaces which project trivially to the tangent space of at least one factor. 
Thus Lie(S') does so, as S" is a proper sub-t-module. However this is contradicted by 
the facts that p G Lie(S') and our choice of product Q ensures that p G Lie(S') has 
a non-zero entry in every factor of Lie{E). We conclude that there is no non-trivial 
fc-linear relation on the set in question. □ 

Remark. We note that, in the results of this section, we can adjoin coordinates of 
linearly independent logarithms of algebraic points, e.g. periods, of other simple t- 
modules defined over k, as long as the t-modules are not isogenous to each other nor 
to the Hf nor the Carlitz module. 



5.3. Proof of Corollary |1.3.4| . As Corollary |1.3.2| is immediate from the Main 



Theorem, we need only consider Corollary p..3.4| . We break the proof up into several 
cases: we may without loss of generality consider / and the /j to be monic. 
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5.3.1. Case f = fi- Let F C (A//)^ correspond to the Galois group Gal(K//L). 
Assume that condition (b) of Lemma |2.5.1| holds for F, where Sj — X+. Then for any 
6g F, 



as X4. is a union of cosets of F. Now 



S :-- 



as the sum of all monic polynomials over ¥g of fixed positive degree with all but the 
constant term fixed is easily seen to vanish. Thus 

b = bS = S = 1, 



and F is trivial. We conclude from part (b) of Theorem |2.5.2| that Ej is simple. See 
Shimura [0, p. 64, for the analogue of this case for abelian varieties with CM by 



,p;. As Ef is simple and / is irreducible, Proposition |4.5.3| and Theorem |1.3.1| 
show that all the quantities r(a//), dega < deg/ are /c-linearly independent. 



5.3.2. Case f = fl^ , ei > 2. The proof begins as before, except that now we must 
exclude the monic multiples of /i of degree less than deg/ from the sum S. The 
argument given in the first case shows that the multipliers involved in these multiples 
add up to 1 and therefore the multiples themselves sum to /i. Hence 

As before, any 6 G F satisfies 

bS = S mod /, 

and, since (5, /) = 1, we conclude 6=1. Thus as in the previous case, Ef is simple, 
and the T{a/ f), dega < deg/, are fc-linearly independent. 

However this does not cover the values T{a/ f) where /i | a. For them consider the 
t-modules Ef^, Ejr2, . . . , E^e^-i, which are simple and according to their dimensions are 

non-isogenous. Thus from Theorems [4.5.4| and |1.3.1| we obtain the linear independence 
of all r(a//) for < dega < deg/, whether (a, /) = 1 or not. 



5.3.3. Ceneral case f = fl^ . . . f^. Inclusion-exclusion gives that 
S:=J2a^il-fi)---{l-fm) mod/ 

(with equahty unless / = /i ■ ■ ■ fm)- Thus by hypothesis on the fi, {S, /) = 1, whereas 
bS = S. So 6 = 1 and Ef is simple. This accounts for the linear independence of all 
r{a/f),aelf. 

The values T{a/ f) with (a,/) 7^ 1 are included by induction through the remark 
that, for non-constant proper monic divisors g \ /, the various Eg are simple and, 
since they have distinct CM-fields, are non-isogenous to each other and to Ef. The 
corollary follows. 
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6. Examples 



Many of the calculations below on Gamma values are due to Sinlia |T6[, §VI.3.2, and 
Tliakur §9. The reader interested in the explicit computation of the Anderson- 
Coleman soliton functions should consult the specific examples of Coleman H] and 



Sinha [|T7|, §3.3, and the general methods of Thakur |2^. The examples below demon- 
strate in particular the correspondence between fc-linear relations on Gamma values 
and the structure of the underlying soliton t-modules developed in this paper. 



6.1. The Simplest Case. Let f = t. In this case 1+ = {1}, and so the t-module 
Ef is simply a Drinfeld module as it has dimension 1. 



Here = k{z) and Bj = k[2;], where z := Q 



9-1, 



t, and thus the curve X is 



isomorphic to P^/Coo. Note that the point ^ G X(Coo) corresponds to the zero of 
z — (g. Now the soliton function is 



9f 



Co 



and by ( [4.5|) we have = 0, S = ^ and / = oo. The t-motive Mj is then 

Mf = T{\J,n^) = C^[z\dz. 

As defined in Section O we let rii = dz and then note by (O) that zrii 
[CeT^ + ^T)ni. Hence 



(6.1) 



Thus Ef is isomorphic over k to the Carlitz module for the polynomial ring Fq[z]. By 
Theorem |4.3.1| we see that tti = V{l/9). On the other hand, if ttq is the period of the 
Carlitz module for Fg[2;], then we find from ( |6.1|) that 



(6.2) 



ril 



9-1/ 



Tie- 



When g = 2, we note that tt^ = vf and in fact tti ~ tt. 

We now compute the quasi-periods for Ef. For each £ G F^, £ 7^ 1, we choose 
as in Lemma [4.4.2|. Namely we let 



C 



q-2 



dz. 



By Theorem |4.4.3| and in particular (|4.33|) , we see that rj^ = —Tes[e]^{cgne/(t — 6)). 
Proceeding as in (|4.19|) , we obtain the quasi-periods 



1 9 \9 



GF^^ 



Note that Corollary |1.3.3| shows that the numbers r{i/6), i G F^, are fc-linearly 
independent. 
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6.2. A Non-Uniform Example: f = t{t — 1). We saw in tlie proof of Corollary 
|1.3.4| that, in order that Ef be non-simple when / = /f^ . . . f^, we must have some 
— fj). In this example, we will see that this necessary condition is not uniformly 
sufficient even in the simplest case, namely / = t(t — 1). 

We look for possible subgroups F of X+. Since / is quadratic, we consider monic 
linear polynomials b = t + £&V,i & F„. Then 



6^ G 




if £2 = 1, 
otherwise. 



In the ffist case, 4 = 1, so p = 3. Since (6, /) = 1, a 7^ 0, so in the second case 
p = 2. Thus, for p > 3, the t-module Ej is simple. 

Let us examine the ffist case more closely when p = 3 under the assumption that 
Ef is non-simple. Then i = 1, so F = 1}. Now as 

(6.3) J+ = {1} U {t + a : a G Fg,a ^ 0,1} 

is a union of cosets of F, we know that {t + 1)1+ = I+- In particular for any element 
t + OT^t + lof X+, (t + a)(t + 1) G X+ \ {1}. This means that 2 + a = 1, and so 
t + a = t — 1. But (/, t — 1) 7^ 1. So in fact, if Ef is non-simple and p = 3, then 
X+ = F = + 1}, and obviously from ( [OD , q = 3. Thus by Theorem p.5.2| , Ef is 



isogenous to a power of a Drinfeld module. The lattice for this Drinfeld module can 
be taken to be the ring of integers in the fixed field \(-{Ct) of F, which in this case is 

When p = 2, the t-module Ef is 1-dimensional if g = 2. For q > 2, if t + a, t + b are 
elements of F, then the closure of / under multiplication requires that the product 
{t + a){t + b) be monic modulo / of degree either one or zero. In the first case, a = b; 
in the second 

1 + a + 6 = 0, ab = 1, 

i.e. + a + 1 = 0, i.e. a G F4 \ F2. Thus q = 4:, and Ef is isogenous to a power of 
the Drinfeld module whose lattice is ^^[t, \/t{t + 1)], the ring of integers in the fixed 
field ^.{(^tCt+i) of In this way we obtain the following result: 

Corollary 6.2.1. The t-module Et{t-i) is simple except in the following two cases: 

(a) Et[t-i) is isogenous to when q = 3, where is the Drinfeld ¥^\t]-module 
with lattice ¥^[\/^]; 

(b) -E't{t4-i) is isogenous to if| when q = A, where H4 is the Drinfeld ¥4[t]-module 
with lattice W^lt, ^t{t + 1)]. 

We consider the exceptional cases g = 3, 4 in a bit more detail: 



Case q = 3. From Proposition |4.5.3| we see that 



n 1 Urf 



9{e-l)J \9{9-l 

Now we see that the sub-t-modules of Ef are isogenous to Ef. Moreover, taking into 
account ( |6.2|) we see 

1 \ / e+1 
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All of these equivalences are confirmed by the bracket relations. In fact, if we let Exp^ 
be the exponential function of Et, then it can be shown that the exponential function 
Exp J of Ef is 

,'zi\ fa Ce~ia\f Expt{-zi/a - Z2//3) 



where r(l/ g(g- 1 )) = 06(6 - l)T{l/e) and T{{e + l)/e{e - 1)) = f3T{l/e) (cf. proof 
of Theorem p.5.2| ) . 

Case q = 4. Here the monies in are 1, t + i, t + i'^. The bracket relations as 
well as Proposition [4.5.3| confirm that 

1 ^ r(J±l,).r(I±^).,„.. 



e{e + i)j \e{e + i 

where txha is the period of H^^. 

6.3. Another Example, f = t{t — l){t + 1) and g = 3. In this example, the set of 
monic elements X+ of (A//)^ consists of four elements: 

I+ = {l,t^ + l,t^ + t-l,t^ -t-1}. 

We check that X+ is a subgroup of (A//)^ and that the fixed field of X+ is the field 

L := HCtCt-iCt+i) = Hy/-{t^-t)). 

The ring of integers in L forms a rank 2 lattice in Coo which corresponds to a Drinfeld 
F3[t]-module ip with CM by the ring of integers of L. The t-module Ef is then 
isogenous to tp"^. If we let tt^ be a fundamental period of the Drinfeld module ip, then 



r — z ~r — - — — ~r — - — — -vr^ 
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